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Jk vat fiifst «t)iiS.«d hy Mott 

i«a Mofeowpo in eoameetioi! nitfei ttotlr tb«orjr of |»r«oipf|.tiiti<}B 
lnurd^aing of «11«>3^ in 3®^ mA hy lhr«nic«i In ISiM in noniiootion 
villi liiv tkmry nf li%nid«« Mo ftivtitor jii'ofvovs v«« nv^o 
sliui* tl^«iif Hio :nfttiiodis ttnt ww enploy&d vovo 

itovfiil mXy for sjwetrio&l figures iik# tlmt* of « 

oirtlo m m Xn WBf minolby intre&neoi tMv point- 

fore# oonnopt of solving inelnsion Utlioiigii lis 

ottsinod s<Siio gsnorsl tlMi^osw of gr^t tbo^rotioftl intorost, 
no ospHoit s^ntioB to my prdblmt m» gtroo* lovovor in m 
sit 1 » 80 <|n«iit pipor in ISiMt lio ottoinoi sons solntiomi r«:34iting 
to ' Inolm^^ons* l^srgsvn la^lOiM Msd I'asvon pii 

Buurgsvn la W$$, nsto mtstsntiol pre-gross in oUtoiaing. si^tions 
for mm tvo-^iasnsiimal proMons ^ introineing tto cpiplex 
vsristlo toelmiiino eoi^plod vitM point-foroo ooneopt* tto vofk 
tone in HkIs 'tlMsts is tto eoatritntion to ^ svtjoot toponi 
tli.s stsfo* 

Xn sH tiioso pmMem tnolnsion is s rogiiasi in sn InUnito 
olsstio ns^ina toniing m nnlorgo s ol^sng* in its fora, ft# 
eonstrsints iipesed tp its snrroissiingst oslle4 nstriXf 
devoid s spstoa of lootoi-iip soooMMotien stresses In tol^ - 
of tnsn* Sstsmii^tion of ^o elsstle fioM in tts sstrix 
sni In ^s inslmieii tmm m ispmptsat prompt in olsstisitjr 
^Msrf • 



In tii« viarlEs eit«d[ mhm®f tbo iael«si.o» is @f tlis mam 
witsrisi as tliat of tha satslx* SalMutim solvad tlia proMaai 
irtMa tiia Inaitisiaii is sC a eyliftdlsieai os si^rioal sliai^a* 

Us mitliod acMffists in finding tliat intatfaoa at nfbioii tha 
aoraail strosaas ara eaatianoas. M alraady iKiiiit«Mi cmt tMa 
■atliod voaM hm saooassfiil ml? in aiseiilar ani sptiarioal aasa 
Ibaaansa tlm aqnilltsinn bonnSasjr wouM ba airenias os spbarieal 
cat f^bfsieai gsoti-ds* 

'm IsliaXbf* a papas t mtboft aonsiats is. Mlcis« attain 
inaginasj ^jpwations aliimlng tha inalnsion tm mpmdf 'tiian 
sadnaini it to tlia sisa f»r tha bola asid finaliy building a 

aC fosaas* i^i<^ ba ©alls a iayss of point foseas. l&a 
onmilatiTa offaat &i tbaaa fosaaa is f«MMS bp intagsatiaii. 4 
■atbod is sniiaatad to daal id.tb tba easa aban tba iiwlasion 
is of a diff arsnt aatasial* aaiiad tba Ifdionogsaaitp. Iba 
polat*forao natliod, itsalf is a wibassans ona and to obtain 
axplioit sointion idwn m otlMsiiiso nnifojw stsass ftald is 
psasoati is a oo^^liaatad soidc* 

Howas^t it nan fait that waH^bnowi anasgj pstaaipla 
tdii^ ik»f bans snaaassfnllT aa^lofod for finding IHa a*aet os 
i^rainata sointioiis to a aasiatp of i^oblanst aan ba anplapad 
to tbis olass ^ psoblons* fbis bas bam dona in tbis Ham^ia' 
ai^ mnsidasabia saaoass* It aas snspsisiagir sasaalad tbat 
not only it solvas tbo psoblaa in a s^aig^ fossaasd naisimt 
bat also fiaat gsmtos fsmim in aln^ii^ tim alastio aowitmts 
of natasials aonaamad* Is a fisst manpla tba spbasioal ma^ 
aa^MMtiaal iaalnaioow ara s^ai^ fim laaiAtS' ^a^ ai^ . 
tbosa af Xabamir 



M m nmt ez&ml® th® @aii« of oUiptic inolooicns Ibao tNioo 
ooBiiiitiffOil* UpaTt trm tte fmot tlia.t tho Alottio pr&pmrtlm 
of tlio iBotorioIs or® difforont* tlio inelmim itaolf cm ^^iergo 
m pvimlp&l or ulioar strain, ttioso are motm&lljr t ¥0 differeot 
esses snd shotild be eonsidered as secli» in ease of priaeipal 
strains* the axes of the elMptie taelitsloos before uni aftcir 
maul in p©sitio«t reaaln eoiaoMimt* 

la ease of sbear strains » tbs axes rotate, tais latter ease 
ties greater applleattons to teelinologi -al proeesses* 

tike e<taili.lKriiai boim’'?;?:/* tbe stre8t»stral2i field » and %im 
saergj la ttie aatrix and in tlie Inelnsioa are cleterieliieC. In 
obtalai&i these resnltst simplex rerJabie teelmlcties * seid* 
inrcrs® aetbod mad Clsjpparoa* s tlj®c-re»s for •aergf j^eterffinatlsn, 
bare been aideljr need alonf eitb tie sdnisiUi mcrgf prineipla. 

results in sesb ease trere snbstaattated hf pso^ln§, tbs 
sontiSRaitf 'Of the aoraal and sbear strssses at tbs intarfasa* 

It is ^terestinf to find bov rosilt’s are 

vben an exte^al- ferae field is appMei to the mtrix at infinity* 
da a sia^le oxai^le first tbe ss^atisn of tbs iatesogetteity 
probles of a apberieal region la a strassed aatrlx is ssiuiiietsi* 
l^ma '^e treatnent is extondsi to disonss tbs ease of a 
eyiiBdiieal labissegeaeitya 

fbe problea is t!i« 9 i extended to tbe ease of an elliptle 
lalmaegeneity in sa Isotropie aediaa mder tensiea at large 
dis^aeea froa tbe laben^iMity* again .exaat analytieal 
soltttieas have bams ^taiaed. fbi.s solntiea is eery ^eral 
sad Bsay ^partisalar mises snob as aniaxial' tsasiea me eoi^ressiSB 


X 


or 'poro fliMr «t tsfiiiltsr ^ toioooi* fiorthor tlio rosml-t 
for-tli« oiixo of a oaTitjr oao W rmAilf oMaiaod lijr iiakiitg tlio 
olftstio oemstanrs of tiio iooloxioii tflcid to x«ro* 

la th% *olati«a» of tlio abovo oasaoy tbo 

aatariaXs of the ttioIaaiaEi aail aatrix lia'ra lemm assaaod to tO' 
iaotropio* iolmtloa for t&o oaa® itli«ii tk« iaitiiaofoaaitf ia 
iiariag oalil.it car orthotropio jpropirtlfiat boM obtalaoS 

to far* Xa foot aot mbj solaticms for tlio first or tbo soeoaS 
fwiianoatal probloa for orUtotropie oXastio aatorials aro Icacnan 
at pr«s«at* la this tli«raiis tfeio iaoluslm probloa ia ortliotnipio 
oXastieitj lias bo«a eoasiioroS for tlio first tlao* Vho problom 
larolrst t^o soXatioa &i tho soooad / valao probloa of 

aa laftaito rogioa vitb a telo* Keplioit solaticsis for tbo 
oiroitiaib aad oiXiftio bars bam obtaiaoi* Xt »ajr bo 

roiMifleoi that groat oaro tb«a isotropio 

beiioo liao to bo oxoroiso^ ia assaaiag tbs et^uillbri'ois b^milarf* 
1^' (BSiiao^iag applies tlott «ii tbo tboorjr &i ea¥itios to 
tho osloalatiixi 'of stross ooaoaatratioas bas booa disoasood bf 
loabor* fbo ros?iXts obtaiasd ia this tliosis oaa aU bo mm& 
ia tbio* fboso roMito fio^ a ooo ia tbeory of aartoaoltio 
tswasff^wstiOBS* flis transform tioo straia for lourtonaitio 
lM;Xwiim' to osssatialif a paro sboar* Ba,% it siXl bo dila* 
tion if tbo laolaoidi ia 'a portioXo of prooipitabo foraod W 
iiffasion* Tbo rosaits of tbo ialii^iogsai^tr prc^loa iriioa tbo 
aatrix is aaisr stross siapiifios tho -iotoralaatioB of tbo baXl' 
oliistio oonstaats of iaboa^oaMs oXastio ^^groggatos* Roso 
r«ittXts also fiai oa i^iioati^ ia awsf iosiga p^bloasf for 
«au^io t^ iMpiga of o aaioxgrowii aaltiXofor roiMMrroIr 
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CEAPTIS I 
Si^eriesl Xnelusioa 

C«Rifli(il«r a »|ili®r« ®f radius cx , taraad an laalusicmf 
asMidad in an infinite continuous iaetropic UBaitreased elasti® 
nediuBi wliiefei irtmM undergo a dinenslonal cdianga tn a eenesntFi® 
si^ere ®f radius ac»+ 6) ia tfee alwance of %hm snrromidiiig 
naterlai* tiie natrix. Tfee surfaee of mm inelusiim in t!i# 
at»S(«i<se of tfee iwitri* will be terned a free surfaee* tb# la«l»- 
slon oan undergo tbia no®*elaatie dlsplae«ei<nt d«o to wailona 
reasons snoii as non-saiiforn lieatingf plastio defwnation ete* 
m alternate nodel of ^e iaslaslon would be as foUows* 
SttppQve liiafe is a siNberieal eaitty «f radiSMi a. iM m& infinite 
eentiiinoas isotroftie^ mstressed elastie naterial* A sj^ere mi 
raiiwso-O+S) la teti^uoed into tliis eavity* ©btionslf this 
s^liere lias a free swrfaee radius aCnS). 

Beosuse Of ^e yresetioe of tbs surrounding naterial» tbe 
inelmiion "WouM not be able ^ attain its free^sarfaea configu- 
ration in onr first nodal. In ^Hbe esse of Ibe seeond wsdel^lf 
•ontinuitr of tiio inslusion and tbo «i«rix naterials is to bo 
asiiitainodf tbe in^lMion would not bo ablo to rolain its 
uriflJMil sine. In botb ease# a ajntsn of loetod-up aoomMOdatioii 
stresses would be guaerated. Betemination of tbo strims Hold 
in bo^ mm inolttsion and tbo natrix$ tbo ociullibrlun boundary 
and mm related, problons fem tbe sublet natter of tbls ^osis* 
fbo two nedols proaented in tbo first two proooding paro- 
grapbs are natbMHoally o«|Uiwalent so far as oalonlation mi 
olsstio fioM is oono^nod. In first nodolf mm inolnsion is 
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stf«iii«d wlMii it tmMm to &ttmXn its frs»»sitrf«(itt 
Mmtvwmitf tliis is iioiip-«lastlc strslii anil it Mit t& mf 

strass fi«M hj Bo«ilca*s lav. Xm. tli« saesiid model « mm smah strain 
sxists*. 8aw«r«r» in t»otli aodals of ttis ineliisiaiit tlia slAstis 
stfmifi i^ali is rsiatad to stressas is ealmilataS fron tltea 
^tapXmmmmt fiaM fro* tha fraa«smrfaae« Hiasa ara tha mm 
if tha Mtarials of tiia tvo nodals ara ttia saaa. 

Wa ^11 ba aonaanail witli iofiiiitasiMal straiii tliroaglioiit 
tbis vorfcf axiit liaitaa it is assonaii that 6 falls vitliiii its 
iiiiits. Fartbar wa assaaa that no raiativa sUpping takas plaaa 
in tba proaass of tbs nisn^alastia displaaanant in tbs aasa 
4 ^ tisa .first node! or iMia inf^oinoing tba Inainsicsi in tba 
aasa of tba saaos^ aodai* Also tba aantinnitj of inalnsion anb 
Matrix is ainajrs nalntainaA* 

£Ba.lj^iOB. i^at^Hnns imtm stabiai alMwt tnsntjr foars basic 
bf Hofet moM labarro .[i , 2 ] aoraiaation iiitb tbair tbaory 
of praaipitatifln bardanini of allots § anS bp Frabkai [3 ] in 
ooiin.aotioii with bis tbaorf of litniis* lofnarmpy. issbalbf [^4 ^ 
nada a systwiatia invastlgatian in lilfiF by introiaeing tba: , 
pal»t*f i»roa '^na^pt* Jaswcm miiI Ibar^aa [^5 ] axtsnaail tba 
aatbod by introd«K»iB^ eonpiax aariabia taabni^na in oonjnno* 
ticn aitb point-forca oonoapt to fii^ axplieit solnticms for 
tao-Aiaansiciiial problaas* 

Vabarro*i mitboa oan ba exylainaa as foiiewa* bat tba 
radius of tl^ inoiasion in ^ ofiiililiriiin position bactOi-c) 
ta^oa tba displaaaa^t at tba intaii^i bomttoy of Wm natrix 
is ac * tba rs4iai alas^ia iisplaaanint on tba boendary 
tba liMlnsiiMi ba-a(6-€) • bat p ba tba aosMon 
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pT9mwt9 iA tlio vqmllitoim® pmltltM* TItis ihmM thm 

»«iMi at «II lit«ea«isa tlia aoKplata syss^^etry &f 

inalmtiixi mM rntrlx* 1%* aomfigmrittiQA ii lllmtr&twA in 
fig* 2. idbara thiok liiai« reprmmt 'ttia fraa-surfaea cif tlia 
ilittliisicsiy tii« tMii .liit« <1^® i^itlai boim^5ary ^ tb# mtrii 
and Sottod Ua*' Mhm thm @qAililri»fs piisitien* 

7hm radial 9 iiaop imi sii^ftr stralaa ^ ) ^}i8 

aAd alao eorMiafMaridiag atrassas , He i> Rs tbraagbiwt 
til® teclwiicii <Saa to tli# imifom pressui*© p ara [g] 

P^a-O 


and ttia dilaticKi fiald is 

A - 3 6*. . 


For aaaa aiqp<Miiti<»i simll lattara bava baaa aaiHl for 
tlM diaplae^.efit9 atraiitSf atrasaaa ato* for tba aatrixy ^ 
imlaas otharwiaa atataS aod oapital lattara for tba iMilaaii»» 
By looka'a lav ralatlmg dilatloii to tba aaaii b|€roatatia 
atraas 


A- 


Rn + F^a + Rb 

_ 


- 


TT 


idiara K ia tba BbUc aodalus of tha laeliialoii aatarial* ' noting 
that U. I ^ niora ia tha radial diaplaaoiMaitt va liava 


fj -s- 

3 K 



iflMii©« th« dl«pla.c«»®at ©t it* feowsdary /l=. a (i+s) 

¥tll %Ni 


pq C>+S) 
3K 


Tbamfos©, to th« first of4«r of ai^roxiimtioii 


8-e ' A 


( 1 ) 


A* rsgard* ttio s^tri* for a solfoni pressure «t tlio 
Inner bonntiary, tlie radial, hoop and shear stresses 
b . b . b respeetirely gieen by f 6 1 

^ ^ IhB ^ 


= ‘i?’ ^ Ha ® 

idiere tlie eonstsnt C is deterelned by the eon^ttioft that 


=-P ^ c - - Pa^ , 


ly strms-st'rato relatioiis 


•M 


= J=L'* = (14- y) PQ 


K 


2E>t» 


i^re £ is foisig*s seittliis cad %> the Msm*s retie 
ef the cattic aaterial* itoee 

I i = C>-t v)pa^ 

Hher^ore at = q is Ci+v) pa/2E elit^ is e^ml 
te a € • Tbiur^<»re 

P 



v1st9T9 M is slmr of mtrlx mtorlal ayci^ i« 

•qiial to Ejz (\+ V) • ttio mlm of p fro» 

oqoatims (1) and (2) vm got 

3K CS-€) =4./i6 . 


otMieo 


c - 3KS 

3K+4-/i ^ 


and tho ®cisi librium proaaiaro by (2) 1« 


- 

3K + 4AI 


C4) 


^0 atimia aciorgy tii tlio inelmsicnt and «ttri* will M 



96 AofK 


(.3K+4-7*)*^ ’ 


Yi = 72 7^ 
**>% 


C3K + 4->») 


nda flteytor oxplalns tbo typo of problow mi tbo nwl 
romlts wi^ wiii«& tbi« tiiwis la oixtoomod* To prigoido a 
nnlfiod pdotarOf tbo baoio otmattcaia of O'laatlolty «ro irory 
biiofly giwwi for g^cral oaao to ooeoad oliaptar and for laio 
plana eaao %M. tbo third obaptw* 
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cKikPm II 
<Kf Slastielty 


fiM stress fisM st a la tiMi lieiiy tMi dIsserlMl 

ia term sf 3 stress e^poiii«ts Hj J “ y .-z. jj| 

tlw esrtssisii eesrdiiiate sjrstea)* e<iBsi4«rfttii» sC tBa 

eqitilil»rliii5 eC aa slMuat it esa li« r<Mi4il^ ss'tsBIisB^ ^iiat 

)P^j ^ . Hasss tbs Bimbsr ^ IMs|»«aisitt stress 

ecM^paasats rsBases te 6 # By ssiisiB'Srstieffit i»f tbs sqmlli* 
brisai ef far ess m. m sleswet c4r volsMtf it eaii be sstsblisluiS 



i^ss is tbs bs4y feres per wit velsae aii4 s eoms 
iwstss differeatistiw rsspset to tbs nsrisble followiat 
it# Blass tbs ssristie® of tisflsesasats with rsspset t© tins 
is ttscisstsi ns sfs saBS'l^eriag ststis problsas ia tJbs theory 
of sisstisity* 

la (<S) ss gst three e^wtiems to Bstwradas 6 la&iioiii'is* 
leites sititiiansi rslstieiai ere asesssery* fbmm mm yroriisi 
by ^s Bo^e^s geasralissi strMis«*stfaia rslsticms. 


Hj = e„ J7J 

aWI ^s strata BisolasssMait rslatieas 

ey = i (ikj + u,,i) 

la (7}» it eaa be sstablisbsB frea strata easrgy eeasMsratioas 
that farther by synsstry of strws aadi 



strain e«i^p«iKiMt 8 i® sjMietrie in J as well as 

in k^{. TIsis gives 21 independfsit eisBpeiieats tn ^ ijH.i . 

In tile isntrnpie eese« these re^nee to two indiepiniteiit 
eonponeiits only «n€ the stresses in tems of strain eoapo* 
nents cm he wtlttm as 

^ C®~+ e„+ 1- 2 /"e„, = X Ce„+ e„ + ej +2 , 

xce„+e„ + ej +2A^^ lf>v.= 2^e», 

(») 

or in the alternative tena^ fom these can he written as 

't? =2M'ey, |p = 3Ke «0) 

iitwr« '(3 = p^.~ ®«®/^ -’ 

^ mA the eonstants Cgi<( have he-en 

snitahlf replaced hj ^le Inaie*s eonstants X ami or )u 
and the hnik noinlns K * V^on etnations ( 9 > strains in 
tems of strmses can he written as 

e„ =t {r.- i>CP„+ rP} - 

M^re L is the fonng's nednlns and V is the 9 ois 8 on *8 
ratio* 

fho 8 trai»»displaoen«it relatiofis In eximdod notation 
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Su« 


S Uy 

p _ ^ 



Sx " 

. 

Vv " 

"ST " 

~§^ " 



± fhUy 

t 


— ( 4. S Uat 

^ e =— ^^*^*0. 

^Uy \ 

2. W 

4. 

J J Sax 

2- V'bx S z. , 


Sx / 


(It) 


hy (#)• ( 7 ) (It) •quatlcsu mr« Qlit&lA«i 

la firt««Bi witoiaias ^ e^j ^ u ; * flui efaatloiit ( 18 ) 

tatitfy vtiat mrm eall«i th« aqwtioas of ooi^tiMlitjr 


Sat Ji &V V _ 6 .X V S> 0 OCX _ ^ f - ^ 6 .v i.. i* - 1 - ^ €j«v N 

* Sy Sz. “ ix N / 


Sew . Sex. ^ 2 S^e^x ^ ^ / -Se-xx ^ g>e»y ^ 

bz?" Sy’- Sz:Sy SxSz Sy \ Sy 3z Sx 


Sex x . . 3 ^ - aS^e-x x S^Cx. _ 3 /- Se»y ^ N 

Sz.* Sx^z by^x ’Sz \ X ^y y 




y 


J 


cia) 

uliieb ph^ieall^ mm tliat tlioiro aro aoitlioa ovorlajpflaia mat 
voiilt la iofovaoS Mljr* 


tm solatioa is eorrePt If It aatladtioa tlio toaaiarf 
ooaditim lAiidli aa* vaaallF ilvaa la tovaa of swrfae# taao- 
tloaa m aarfaoo ilaplaMma'ta^ Ttiaa® ooaiitloaa ioa^alljp 
m£m to tm aiiola aiaffa^ tet la oartala olromuitaaeaa 
til* carfaea taaetiwa »aj to .proaoritied for a part of 


toisiiar j aad tho aaif aoa displaooaoata oa Um r uBa i a l ag 
partioa# Of eoaraon aore ompllaatoil ooaiitioas' tluta tbaaa 
afo alto teowof . tSioa aarfapo traotioaa ' ^ 
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aro prescribed tlio 3 r satisfy tti® ciaaditicit 

P.»' C«>'« 3 + ' 

P . b Cos (x.TfiW P CoiCa)^)+P c.os(_z.,n) j 

r*y * xy ^ ✓ y y ✓ * y X. 




CM) 


i^«r® ri fitaotas the dlr®eti«« of tli® osatwar?! drawn awBai 
to tlio boiBidary and are ttia tsoiar.darj »trog«#»# 

In ease thm aarfaea displacaaaiita u , ^ u a. ^ aro 
proBcribod, tlio diaplaconanta U„ ^ Lly , ©btalmod by 
oolrUig C«)f C®) a»d CM) »b©wli aattafy tba eonditiona 

U,oU,, U,= U^, U^oU,. as) 

HIimi tlio boandary eondltions rafar to bewiary traotiofti 
only, tbe atrosa ©iaipon«its abcmld mtiafy tbo o^wition (#) 

In niditlon to ti» follon^af alar wtaatlona L® 1 


^ 7\ Q 1- 

Cl+Vj) Vfe. + f 5 s.O , I'* »0 

p; v\ 1- A , o , C'* & =° 


‘ ay’ 


'^e 


vj) 1^. = o , 0*V) V |o^+ _ o 


CM) 


nbaro © * 0 + b -v t? ®®d body forooa aro naglootofi# 

ifltx lyy ri-a, 

Dneo tbo atroaaoa ar® toowHf atraia ooi^anaKta 'ar® imlt^ly 
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d«t«rwln«4 l»3r looic«*s Law (7) and tteia displaea'iMKEits ean iN» 
ifwalaatad. apart tmm ear tala eons taut* uliiaii aecoant for 
rigid tody diaplaeaawtat tho ralatiocia (S). 

If tlia tomdary eonditima ar® ia tamia cxf diaplaciiMifiiita 
tta taaie aiiaaticms to thraa ttiaaa mm hm pat in 

tika fmai \,^2 t ^ tenm of eart«ai«^ eoordiaataa 




^yc ^ r k dx^ 


t ^ « *?I)l M,>€ 


} 


6 , 




^Uy . "^Uy 

c> X*- "S) y *• 


•bu 

■bz.' 




CX* 4 )|| ^ 




4 - 


O ULt 

'bz.’- 


O , 


)-o. 


or ia ti!®' waoior fmm 
(^X 4- ' 9 ra <3 e + )u. (. ^ 

or in tiia altomatira forat 
^X + 2. ^Tad C - 2 CurL co 

mmtm <a> - (u^ ^ coy ^ Qcg ara oon^oiiaata of rotaticn giraB ty 

^tjly N A / b ULn« ^ IXt ' ^ /bi 



C17) 

0 

11 

m) 


mt 


CO. 


_ 1 / bu*. bu,, a> - 1 . / , to a 1 AxHi - bui,^. 

a j ’ boc^* ‘ aUx 2 >y J«o) 

itaationa (18> ami (19) aro partloalarly msafal aiaeo gradi«iit« 
oarl aBft Laplaeiaa op^ator eam to readily traoafoii^ to any 
eoerdinatO' ayateo*' Oaoe tBe diaplaoeomta are Iraonik tlie 
atraioa* atreaaaa ate^ oiai eaaily be datoiwi»«df 



I» %h» ea»« of Mxed boimdlary ecmditiotis th« of 

tla« oqaatlfflai is goaoralljr si*gg«»t«i hy the ppobie* itself* 
That wm haT« three sets of eqtiatioos avallshle for us 
to solve s prohlest ia elestielty theory either the set givea 
hy eqaatioiis (6), (7) aad Cli>, or hy (16> or by C17). 

It mf be renerhed ^at as j^rov^ to boohs an elastic 
eity theory the eqaatiisis are smffieimt and Mv 9 a imiqae 
solaticsi for a sii^ly-eoiiiieetei body# lowever* for imltlply* 
ec«meet©d bodies t additlcfial relations are aeoeisary to avoid 
Biialti*valited displaoenents* lot may prc^^leas have bens 
worhed oat ia this field and ve shall always assaim that the 
displaeestents ere always si^le^valiiod* 



it 


QEkFum III 

Haae Cireitlar iBelunion 

tim of olastieitr 02*0 fM tiNi 

IKTovioot eb&ptmr* i^ltiiotaglit in prlnolploi^ tlio iN|oatiims 
aro soliraliio for my ho&y mAmr my hom^ry oon^itlcnsf 
in firaetieo tliojr ar« alaost. intraotalilo for tlio gmmrm'l 
ttooo iiaonsloBal prelilMis* A oiiq^llfioitioot bmmvmrf ia 
possil»l« im thm mtc -of piano inroblwM* I&e»« aro of tvo 
typos (i> plans atraiii ai»$ ( 2 ) plans stross« 

flis plans strain aystsn is nstially eonnsot-oi wltfei 
Sj^liiidrioal or prisnatleal Miss in siiioh ons dinsnsioiit san 
parallsl to z. •axis is vary largo* fter aiiay fron tlw «nd 
stats of strsss my lis assnnod to hm M sans 
in aH ssotians porpoadionlar to tlis z. *0x10* fmtUmt tbs 
4isplamMnt of tbs boiy In tbs z. •diri^tioa is si^possA to 
bs mmligibls* Vs tbas assoss "tet undsr plans straiii 
SQiiditiona u^> iiy ars fsnotions of only aaf ars 

inf^psnisiit of z f so Mt 

U, = u,(^x,y^ ^ u,- u,(^x,y; ,■ u^= o. 

fbs sfoations -of' sqnilibriiia C#) oow rsfoos tOt in 
sartssian ooordinatss 


^ 1 ^'*^ j. C — l®>*V _i_ ^ l^v 1 c _ ^ 

^ ^ a»a + n* - « - ^53 + ^ - o 


tm 
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^ U.M 




^Uy 


) 


e = 

•%.2. 


o , e. = e -=.0. 


B^mticms in (13) will to m siiigl* mmtlm. 


^ 6yy . 



o . 

^ bx.by 


1Si% otresa^otz'aiii rolatioos viU hm 


m) 


feK= ^C«.a- +2- '‘^>-5 K = ^ 1=1^= 2 Me.,. 


b a b = O , t - ’ (3^) 

'ya. * • 

It Bgtjr to aotiooS tibot b is lE»aMi onto b ami p 
«^r« Inowi, otnoo ttio ®oniitl<m 

O = ^ { Iflr ( l?.+ 1?,) ] S’’®* P„- ^ C l?>+ 

'1^8 iaplioa tliftt isior pla^ otfoift ofot^ tro«ti.€i^ 
will luiwo to he apflioS to tolanoo the etreee fiolt • 

mmhcr el iMkaowno to be dotomdnod Ia. oljuio of 
problMW jreiiMio to e^- (^t,j * -x.y^ 

In tlo ploAo- stress emtm posmllol to x.y p^mm Wm 
stress eosponeets b = b » b « o . Its stroso»strsiik 

r»2L ryT_ ri-x 

rolatiens will ttso. be 

e. = ^ Ce..+ e„+ ej + 2. m®.. ^ > X C«~+ e„ + ej + 2 m , 

fe,= 2/*e„, 

K-T ^ ^ 

Ci®> 
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«iaatteiis of ar« tte •&»« as tliat of tlio plaos* 

stmlA systois* fOrtter tMe 4isplao«»«xit la knoMii spurt 
ff^ ss st^Mtary oonstsBt sooomits for s rigid IMy 

dispXsoiMig&t if ULx and Uy are tnom, siBOS 

B Ui . _ ^ U-T t ^ u.-^ ^ ^-y ^ u.-». ^ f JL. -^idb-N 

2ix. c>z. "Si y ^z- ^ «>z- ” "S+ZM ci'x "by J 

srisiitf fro* t^o ooPlitioB» e.y 2 .»o sad lR. 2 .~^ * 

tliiis tlioro Arm offootivoly sigtit imlinoi^as of tlio yroblas 

^ e^j ^ { 3 .^ liiioli can to ottained frm oiglit sissticiBs 

Cll)» m) (mh 

It ttas appears tiat tiiis problois is of tlio ssmi t^a as 
wa toara i» plana strain. But it nay aarafnlly l»a natad iitat 
tBara aaists a fwdanental difforanca in tlm too systP^* It 
is tltat liiiila tta displaa«MntSy stsain said stress aonponeiits 
ara inSapandant of tta z. ^i^inata in tkm plana»strain. 
systPif in tip plana^strass systan %Bay ara fariOtions of z' 
also* Tills .tntrodneas a gr^t aonplioation in ttm analysis* 
fta aoniitioiis st tfeM toimdory also ^introdnaa additional 
aonpltaationSf Ha sliall not dvall fnrtdm on tills aspaat of 
tip pr^lsnt as in 1^ riwt of tiia tliasis tbs prolilan assantl* 
ally aonsista of tba typo*: 

A sii^^lifie&tion to daal ifitli plana*atr«s8 probleas aaa 
introdnasd by Uloii [_ 7l in ItOB* la introdneaditba aone^ 
af gsnafalisad plana atrass* fbis aonsista In takii^ |os o 
at tba ssrfaaa of tl^ platas abieh pisantially aaaoont tmf 
plana strass problans ~ o l^ongbont ^ plata* 3bistaad 



h» tli«ly aireysg® valttcs, TMb if b . . . 

. . .^ ar® tha avaraga rnluaa ^ 




Sine® tlia .plat® is t^iiissf it is rmamahl® to asatU'se tliat 
th« avavaga Taisas aaimat iiffar sttbstantially trm ttia traa 
valmas« fhm emditim (3=^0 givast in tams of tlia 

x«z. 

sTamga aalaasy 




V 

X + zM 




(2g> 


M^ti^tinf tlstsa ipaimas of strains in tba straes-strain 
ralatioBS fSS) 


P - f e 

S:,< X 


2- ^ 1° 


» 2-^ ^ 

•' X+ZA 


2./4e, 


C175 


tfa saa that tlHOsa ralatia^ ara tlia sana as (M) axaapt tlmt 
X las basB rapiaaai X* i^ata 


X-¥ZM (fg) 

Knra of tba eo^^onants of aaaraga strassas anS straias 
idll ba a fbnation of (^x . mif* 


Cm»S,4er mm tiMi of m plsdrio eirmMr inolMstciit 
m4S.m d tm4im t© attai© a alz® a th© al»a«ii©a nf 

tlia rnsitrixm Wtmt will hm tli© a<|iiiUI)riiaii sia© and ahap© ©f 
ttic inalmsiony and th« aea^^panjrli^ ©laatie fiali bceans© '©f 
til© pr«tmm of tli© matrix f 

Fmllmtmg again tli© mtkm4 of lalwurrot v© first eaieitlat© 
ill© <Iispia««itmt of tb© inolnsion froa its fr©« bomdarr 4mm 
to a prmmmwtm P nndor plan© strain* 

L«t as sappos© tMt in tb© ©^uiUbrian positicai t|i« radias 
of tb© ©qailiferlam boiaidary is cx(_i+ c). ®ia ro^salting 
displao<Hisat da© to tii© prossar© P in tb© iaslasian at th© 
botmdary is 

= a - S ) ^ Ug = o , - o . 

iW} 

For til© toolnsioB it is rsadiiy pr^o©«d Hist 

= = P„ = -£VP. (») 

7li©r©for©t 

ImsF© 

u - - 

Z(^N-V->LX) 
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Eqi^natlAg tito !N3«m<iar|^ dii8plae€»m«!Zit la eqiimtiaa (20) ta 

tliat hf oquatioa (31 )t ¥€ gat 


c-s = 


_p 

2CX+A) 




Far ^ aatrlxf «g«ia fra« tlia eqalliluriaii aaaal^amtlaiist 
tlia iatareal pr««ftir« is tlie s&aa P • thm tmtaArntf 

c«®i*31tlc»» ara at >t * a , ^ - p ^ = a £ . 


TlM aalatiaa af aa lafialta ri^icsi idtli a elrc*a3ar liola 
is wall Imaiai L®] • Tliia giras tlia atraas fiaM 


b =-E^ 
w- 


to pa 
V« w- 


^ IP = o ^ 
•i*. 


p ■■ 

'*-1. 


p = O 

' ot . 


(33) 


i^aaaa 


<w “ 2 ;u ’ 


(Ml 


md 


catl 

'SSimMxm ta h 0 Bmdmry dtaplmemmt a e at ^ * a , 

va gat 

^ . 

^ ZM 

m} 
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Wr&n mqmtlmM (32) mud (3@) 

p 6 p - g . 


(3?) 


The strftin mntergjr in tii« inolmsimsm «aid tii# natrix vill 



\M 


vn 


a yu) g /U 

C X + z /U)^ 


a M Cx-v- m) S 
X + z 


(38) 

Mm v 9 ii8all iMi meiscerxied ifltli tlim «jiqp3P««*i<aat ttvMJM 
©aergyt if.® ©eiuae«tl«ai d«Mi «t tli® iarf*®* 

mA »mM ittsi® tluwwr«M8 '®ei»®®te^ nit^ it t® find tn® sf^attan 
&t til® pr®l»l«BSt w® st&t® tli«s® tri®fly in 'tib® n®8t ®ltept®n« 



3Lt 


OiAPflR IV 

Strain &orgy 

Coiigldar an anatrass®^ uniform alaatio bar witb ita 
alia along x -axla« Imt a graditallv iiwroailng load tsm 
ajppllad to tb# 'bar in tbto diraoticm. it any Inataiit wlian 
tlia body ia in alastio a^nliteiiaty tba only non^aaro atraaa 
aoii|>i]iiaiit will ba along x -diraetioii, ia tba foroo ia 
baitig appliad frcNi initial nnatraaaad to atraasad eonligttra- 
tion tba avaraga forca acting on an alanantal volmMi d^xdyiz 
aan ba takwi to ba |D^cly dz^/z . ia a raonlt of tlM 

atraaa tba partiolaa aonsMtiating tba body ara ralatiwaly 
diaplaaa^i^ If 6^^ ba tba strain- eonpmicnt pitmllal to 
X -aaday tba <liaplaoa»aiit parallal to tbia dir«otion ia e.^cLoc. 
'work iona by tba foroa ^ dy olz. ^2 iSf tb^N^orOf 

dw =^4 pedocdudz. 

By tba firat lata of tbarmodynaniaa tba wmk 4mm on • 
body ia aterad is tim foxai of potastiai asargy and baat 
asazgy* It oay ba provad that ondar ravaraibla aiiabatio or 
iaetbarsal eosditiosa tba obanga ia tba b^t anargy ia atorad 
is tba f ofs of atrals osargyv 

Is a tbrao diaossional oasa a body la loodadi all 
tba atroaa .ooofoststa tdll ba By emmmtw&Hm of 

osargy it oisi ba aaas ' that osiar oosditiosa ^ gradoal loodtag, 
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thm mtmiM «i«rsr 1* of ▼ol«»® will hm 


^,e,^+ l?e.?2|P,e,+ 2P_e,+2p,e^dxdscIr . {») 
»tmla enoif f p«r unit i« 



im 


Siiieo til* «iiorsf is « sesidf tsisititrf ita® m»wgf atooroi im 
tlia My say ^ t«k«i aa tha mm^r am of ttio oiioi^y at^ai 
is all ita almmta* For a oootimieasly iiatrikotad sattar 
tiia total atraio exiorgy say to ^taiaoi ty iategratizig d \n 
la atmtim C 39 ) throagliottt the rolmo* 

By oaidJNi aao of tlio atraao-atraia 'rolatioBaCF) for as 
alaatio MIy tto atralxi oaergy dmity oay ta {At la tema of 
atrma m atraia ooiqioaAita oaly* For taotr<^i« Mloot 


mio’oaaiac atraia. eompmmt% la C40) ia to'ma of atroaaoa 
ty oqpatiaaA Cll)t tto atmia «me$f ^tiilt roliim la giroB 



m> 

Siidlarly mo^oasiBi atroaa oAMsaata ia toraa of atraiaa 1^ 



(9)» •quittlafi mm Ixi ag 


'^0=4^ («„+ ^’‘+ M (.e> <+ C) + 2/“ ^ . 


(«} 


flitgg rglaticKig Mmf 1»« pmt iM tit# fmm 


(4S) 

y X. ^ 

S’Cv ?."■ lii]. 


or In altenciatiiro fimn 


w^ = 


^xz) -*- ( C C^yy" ^ + C ^ 

i4ti 


60 - 2 V) 

tm torKi of^ priooijj^l gtrossog ^ ^ atralng 

£„^ ^i«go oqaaticrag roag^tt to 


Wo (y^)\ 


or 


W*v = 


&C\-zv) 


(^«» ^**) ■'■ 6(Hv; { ( ■*■ + i.%- ejfj 


1^ tm» iM Vm Ikrafltota m ^ rigl^ bai^ aitfo aC €43} 

C44} or £4UI} mnA C4i} em hm tatoi^otoi* Mm tiio 

firot teia^otg on ril^t ioai gt4o of o^tiottg £43} moA 



m 


C44), 1%^ + K^)/'5 •+* ^yv afty Ito 

taJtaa at tlia avarag# aoraial stress sad dilatlcasi raapectiraly, 
Slailar raaarkt apply ta acmatlcais (46) s»4 (46) irtiara mt Imva 
ttkaa tlia prlaelpal strassas or stralaa. fiiata aooimt for 
tiia otianga la rolaaa aloMot* Tha taras la tba taaoaig 
braokat la aaeli ^ tlia aqaatloaa (43) to (4S), partala to ma 
ilatiartloiu f!il« 41»tlji«tl<ia it soaatiaaa aaeessary, at la 
plattieity tfeaory m soil wmimnlen idiara tlia aaehaaioal 
lialwirioiir of a aatarial 4apiti4» mpoa tlKita aosMaattaat of ■ 
strata or ttrala ooapoaaritt aliloli alMoga tlia tlmpa of tita to4y* 

Blit ttrala aaarfy is ralatai to ttia wcrk 4oBa by tlia 
axtaraal foreat by Clapeyroa* t ^aoraa^sj « fblt tbaoraa 
statwi '■ If a tN9<iy it la aqailtbrius! aadar a giata ayitta 
of body tm&mm aa4 tarfaaa fwoaa Ti tbaa tba ttrala 
ttimrgy of iaf^eaaatioa it atioal to oao*ltilf tbo woftc tliat voalil 
ba ion# by Uto oxtaraal fmem (of tbo ogailibrliai ttata) 
aetlag tiiroRigt tba 4i»pla©as»att ll-, froa tba laistraatoi stata 
to tbo atato ^'Of a^^libriw. " . nit tiwwwrtti mm b# ostily 

as follows. WM 4@ao by tlia eictoraal foreos ia g£ir«i 

/ Fi U-t dv + J T; u-cds f Pc ^ V -+- r ULj. Tlj ds 

"v S V S 

= jp. U.; <iv + dv 

v \, 

^ii'n^.L + FjU'' + i / ISi Kj+ dv 




since 


t=j = T, , e,j = + U^.j/s. and 

U i j = (Ui j + Uj^jy^ • Note that in the above derivation there 
is symmetry in C and j • Here vij are the components of 
the outward drawn normal at the surface. Because of 
stress equilibrium equations (6), we get 


/ ^ dlV 


(47) 


by making use of equation (40). 

Strain energy methods can be utilised through the minimum 
energy theorem. This theorem states 1^ 9 J "The displacement 
which satisfies the differential equaticaas of equilibrium, as 
well as the ccaaditions at the bounding surface, yields a 
sBialler value for the potential energy of deformation than any 
other displacem^t, which satisfies the same conditions at 
the bounding surface.” Here a distinction is made between the 
pot®atial energy and strain «iergy. 

Consider a body whose boundary ccaiditions are given only 
in teram of surface displacements at each point of the bounding 
surface. Let the correct displacement function which satisfies 
the strain displacement relations, the compatibility relations > 
stress-strain relations, equations of equilibrium and boundary 
conditicaas be • Let UL.;+Su.^be any other displacement 

which satisfies caily the boundary conditions. Obviously Su^rro at 
the boundary. It may be emphasised that we are considering 
that case only vhere the boundary conditions consist of 
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mly, ami S 6^j li« tte strsia cmpoo 

&mt9 eorrmpcmd'lng to lie S u.e • 

Tlio worlc demo by l^o oxtoimal foreoo aod T;;, In a 
displaooMnt Sul is gi'r^ai by 



F. guedv ^ 




as a® mixfk is doi^ by tlio siirfa®® foroo C boliME oQnal 

to soiro on tho snrfaoo )$ vlisaeo 

S(^w- J F.U.dv) = O , ^40) 

V 

siaco Sj F^u-dv = Jp-Su-dv as and etv rm»te ooastaat 
few an arbitrary irarlatieB of # Fnrtlier sins® w» Jw^dv^ 
tlioroforo by (41) 


s[|wc» dv -J F.U^dvj = O (a@) 

ibo ei^rossion Jwodiv-jF^^Uiolv is ternod as |N»tfl»tial 

tmmwgf and tii>s tsis m eistreirixs yalas by otinatlQii (SO)* omi 
fartlitr prove tbat this yotaatial anony i» s d B'tJw a i* l®t A 
bo any arbitrary inoriwsiit to ul f ^®mi inorsiMWt in tbo straiii 
mQTZf duo to displaseaent ebangiag twm v-ii to u.i -v A 
mM btt' dotofidbEiod by first findini AWo is firsn 




U-^aui 


SiapUf jrlnc Uile and rMwabarlng that e^j- (_ u..+ Uj j z 

«• f*t , 

Aw,= >>e« + 2 - + f 


(U> 



total o!iaiigo aC tlia i€»#rs|r In tli* liod|r ta tbifi 


AW = Jn dv = J u.) • dv •+ J f dv , 

= (Ae.) dv. 

= •+ J f C - 


C^) 

wtiara ns® baa li««ii m^l® of iwinilibrinat «|itatlcMis and fiartbir 
1 ^ tit® fast tiiat A irmisbes at tb® bomdary aiurfa®®* Ala® a 


®aB b« bm^bt out ®f sign ®f IntoEsratlcm by tfea aaa» 
aaguBotts iribleb bav® boon nasi for Jf iSuidv • fli«ref®ip®t 
til® iarntmamt in tb® p®t«iitia3. «i&«i^jr is glvon by 


ACfwo dv-yp.a.dvj . 

^ ( 88 ) 

Tb® fnn®ti«B f ( ^ A pi^itt®® iSafInit® <|iMteatie f:«mcti«i 

and tb®r®f®ff® tb® inaraMnt dm® t® m ai^bltrary displaasMtii 
A U(. is .|Nniitiir®f tli«ref®r@» tb® potantial «n®igy isaeivad 
f9m. dlaplamanant idileb satiaflaa tb® •tmitiaia ®f ®iai*> 


libriasi and boanilary acnditiim is a ntniaiini* 

iM tb® sm^®%itiait analyaia m® abali b® ni^lvmtliig tb® 
body t&pem* tb® i^toatial mmgf and strain aciargy ar® tbw 
id«stl®al ami w® obtain frm «im®tion ( 88 ) 

Aw s. A J Wo civ Jf (_A dv 

i^ob prov®® that tb® •Jaati® strain mmtgy is s i^niHM in 
oonilibriiai i^aition« 

jpir mwiFaiPF''^^ «n ii^ iiuu hip 



CHAPTffi ? 


Cireulax' Inelmsioa * Str&in Ifttbod 


Xn pr«Tioiit olmpt^r^ m-gpmmtmB ttsx strain mkmtgf in tarns 
of strassas aiwi or strains hare hem temA for a tltraa»(SiKan» 
sional ease* In plana prohl^iSt these re^me to siaplar axproa- 
sioits» for «mi|ilay in tha ease of plana stress , slrtisa 

p' = ° “"*» ««> 

can be written as 


Wo = 


\- V 
4 .E 


C 1=)" + xr { t 1;/* ^ 


(6S) 


in tarns of stress ocmponsiits* EiaHarlf for plana strain 
aasa sinea v(|^-v| 3 ^^|d=iO. [3=0 it iNwsiast 


w, . !^ [t ,*zv) CP_^ pA {(P^- £)" + 4 j] 

It is Immm. that the arpressiona 
are inrariaats for transform tloa of aooNliihita sfitaii.t exA 
henoe ara applioa^In hi9m when tha oartasian sfstan ahmiias 
to mi enrfilinaar aoortina^ta sfstam It mi howavar ha 
renan^ai that tha inrsrianee of tbs^ aa^rassieii fair a^rnS*. 
mergy is otherwisa also obvious t sinoa it Is a phpaieal 
mtitf siwll vosM not iap^M upon tha ooor^inata afstmi* 3hi tha 
naxt ^ptar wa s^ll ohtarve that sli^Xa ooaplaa variahlo 
anprassiona ara availabla for thaaa invariaiita* 

tha tha^^ that tha atrain mer$i ia i ^iK H S la alaatio 



vhm tli® tmf&m are mw& tmA tiMi 
bomi'iarj eoniitioaLa jref«F to^ smrfaea ^SisplaeaiHUit oBljTf rmmimt 
txme, Tliis ttisoroat liaa l}#«n; applied to piano st.raJto inoii&aioii 
probleiss lij tlto foUcwliig proooi^o* 

la mp4mT to applp tMs tlioor^ tbo atra.ia onorgj la tiio 
aiatoa ol" laolmaioa aad i^trlx is to to ealoalatoi* tO' ^o 
«bti« tlio two sat^aimtom o«xisiotlag oC 'iaelooiiaQ oM oatriz 
aro 4oaXt aoparatolp* Mo iaagiao ttiat tlio iaeloaioa iiaa 
oeempiodi tlio fz^to^siirfaoo. Mo ecoiaidor a poositle eqailibrltm 
iatozfaoo* At tills stago saltatlo aakaoiai pasaiMtor or pan^ 
ootors aro iatrodaeoi* Tias tho olastio lioai^iarp displaoeMats 
aro kaima la. tomwi tlioso punooitors* a proeedaro is 

siiiilar to St«?oaaat*s s^^laworso aotliods t^eli lio applioi 
to torsloa prelii«at oto* la olastioitp* soiatioa of tiai' 
l^f^loo viioa t@iiaiarjr displaco^aats aro feaniia* is ia 

a rolatiwolf .^aplo i^oaert apoalalljr fov fiaito siap2jF»oono« 
ootod toilos* It mff lHmrov«r« 1^ wmmvUmi tliat sssti oottiods 
aro aaoaatio to aaaljtloal solwtlcsis mlf wteKs ^o figaro «s&. 
lio oappod so to a wilt airolo hf studio oiq^rossloas* ooiro 
ooi^lioatod sbapos roooiirso hm^ to to takoa to aaoerioal 
proooitttosf ikoiil^ tto stroso-straia fiold tp to solatioii of 
to faadaasatal protloiit to strata oaorgf la to laelmioa 
wm ta oalmilatad tp oqiaatloa (56). If wo aro doaliag witb 
isotn^o plaso stsala <ioso« 

to oiloalatifla ^ to strala oaorgp la to aatrix opiia 
dopoado oa ^tvliMI o soooai fmdifflaatal pro^oa for lt« Soooaso 
to dloploooMato oa tto tosaiarp aro leaoiia^ la toriai of tto - 



istrodnewi t&r tli® elastic displ«e«imit l&eliisi<Hi« 
W&r tlM ease of m Imflaita rafl«m boimded latansalljf W ^ 
alrala tha fmm of ttia solatio® is kaowi 11^3 • dataip- 

alaatlm of tfea strain mergj density thXs is ralati'salf' . 
not ooMplicatoi sad can ba obtalnad by a<|aaticm CS#)* Wat 
tmt otbar itepeSf tba solatien of tba faadwMSitaX problaa will 
ba so ooi^lioatad tbiit ^a strain aoargy eaimot ba aasily 
datvv.nsioad* Xn soab easas mm bas to asa tba €lapayrc«i*s 
tbaoraau 

tba strain snargy par mit tbi«toass in botb of tbaai is 
obtain^ by iati^rating t^ axprassifsia over tbair araa* tSia 
total strain cnargy par unit tlMLoIcnasSf tinsfraforof in tba 
raadiun is obtainad by tbn scalar addition of tba two* Ibis 
total strain ^argy is tb<^ aininisad tiitb raspaot to ^la 
assunad displaoan^t .parmMtars* fbis givas a sat actnations 
to datarsina tb# pamnatars idii^ in tnm giaiMi mmrmt 
^aiiniliiirifBBi bomdary* 

Tba datarnination of tba strassas and stratns arary idMMi 
is tban lost a atittar of pnttii^ ^la eorraot mlno of displaoo* 
nsnt iiaramatars* As .alraaiy ranarliad tin rasnita of any 
slastio problan are oc^raet if tbay satisfy tbs boiBidary 
ocaditioftsy sqnilibrins atiiiations and oos^tibility rolations* 
Tba bottodary conditions in this case a^rct t^mm ^bo 

«intte[^ty".^"''dii^laoansiitiaiii: also. tbo nornal and idisat' 
strMisas at tin otnilibritni boundary ^ tbo two system. €cnti« 
nttity of displaoattantSf ofiiatiiKs of o^idLlibriw md 
ocnpitiMlity af o alroady -taban into aocomt In tbo na^bods ips 



foll@ir« ttui result* sheuM also satisf j tl3* ooiitlB«d.t3r of 
ocHTMl auid sliaar stresiosf wt!iioli tov* to l>o siiiiNit«sitiated la 
i^oli oaso* 

In snlisoqiimt work thm olastio ' firoj^rtie* of tko laelnsioBi 
liftiro hmm taken to to frm ttooo of tlia natrix* fids 

will prowi<le m mmplmtm floxlMllt^ in dlsenssing a wido 
rang* of Isotroplo inhooi^^aaitf froblens in mf mterial* fCm* 
if tlio Lan^** oonotant A, of tm Inelnalcn natorial tmd* to 
Inf ini tr aad M, rojaainiBg finite t it woaild b# ineoB^oooiblo 
but still wesildl pemit a ebanio in its simps* On tbo otbor 
tisnd if botii tisa Isum*s eonstants A, meA ax, toad to infinitff 
tbs iaolnsion is rigid peiMttiiig a otNirag* noitlier in wolsMi 
nor in sbapo* On tlm otbor oxtr^Wy wo oonM ooasider tte ease 
i^n tbo lano** eonstwits of tbo inelnsien tend to sero. Ws 
vonld aoeomit for a earitj in tb# naterial* If X,y m, to»i 
to X, M •tim Iono*s oenst«its of tbo natrix natorial, 
tlun tbs laeliision will bo ^ tbo saeie .soterial as tbat of tbo 
■atrix* Tbo oe^ianioal pr^ertles of tbs ineitision will 
bonoofortb bo idsntifi'Si bjr i^ffix i* 

is a idU^^lo appli^ti^on* wo eonsidor boro tbo easo of 0 
etroolar Inolnsioa alroadjr dealt with in ebapter 3* ilsot 
satto ao^tions tbo initial boiindarjr» froo snrfaea of tbo 
inelnsicmt tbo oqnilibrims feonndary, tbo strossos and tba 
strains oto* ara nssd* 

mm olaatio displaeoMst of tbo bonadarf of tbo inolasion 
is ro^onod froo free sarfaee to tbat of ^nilibrlao 
beondar-y idiioii is assooed to bo a ^weentrio eirelo of raiims 
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Q £) • fliis is stitisl to ci(_£-S} • Oivon tfe* 

bom':¥.ry (iisp3jie««eiitf tlio strsinsf strossost eto« t «3r« fotoa^ 
hy ti^o appiloatioit of olastioitjr tHoorj oit«<l Iti obaptors 2 
and 3* loifoirarf ia tliia eaaa, tha aolmticm is ka&m* If 
U/L , ara tiia displaoemoot empmmtw at a distaiioa n fraat 
tlia emtrm 

14 = (^e.-S)ri , u,= o 

wbanea tt» ndi«l, lioap and thaar atralna ara 

4-= C€-sj ^ e„=o 

aitd tfewrafoirat tlia dilation fiald is 
A =. 2. . 

Hia ^orrespmitng Mtrma fiaM oan hm o&tainad hy miMg 
Booka's laSt wotf Is 

isr) 


fba strain mersy dsnsitj ki' agitation (iB) CsnitaBia aodi* 
fieation' far polar ooordinatas oan Oa oado) is 2 -sf" ^ 

fliarf^cHra alastio strain anargjr in tiia iaalasion Caasnnlni; 
tim tlti^alEnass to ka osdltpl is 


vjj * i CV A) 


sf 




TOa ttatrin midargoas a radial diaplaoattsitt of a € at 
tbs tomSariw f a onif ow normi prasmma appliad a t tlia 
efUiidrioal oasitjr in an infinita iM«li»n» tOa strassas ara of 
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tnm L ®1 




_A 

n 




n}- 


p - o 


(»} 


Th« eorr«#po8i4liig istrain cci*p®a<fet» fey Bwjic#*# Ii«w &p« 


ID _ A o _ A 


ZyUfL^ 




e^ = 


2 ./* 


e.,- o. 


( 60 ) 


and tm Olaplacei^t e<wip^«it* mrm 

A 






u.» ss. o 


( 61 ) 


l^iaating tint valat i*f mt /i =. ex t® ‘Ui® ^ali^ a. e vm 

A ^ - Z/^ £cl^. 

aubstitaUcra uT mitt# ®f A la •tit#tt#iis (8i)f C«0> 
«|0 (61) glv## tiM> #tro#s#Sf alrala# sBfi iliflae««i»t at a 
iiataii## ^ * Sbamf ®r# if# gat 


>TJ 

11 

2.AX € 

If 

2./*^ eex^ 


- - 

Ca^ 

e = 

£Cl^ 


Pt%. 


M 




im} 


ttMi gllatlao 1 # A » o 9 atrate aiwwpgy g#iMiltyf by 


«q«atlm CS6)t la t&® mtrix is atimla 


mm-ett ia a rlag iildtb dh. is 2./x £V27^/^ cJxfn^ 
tb# total atsaia «a«rgy ia tba aatrisc is 

dn. 


Ibwi® # 


W. 


= z^eTra,. 


(a) 



m 


Tim total strain of tlia s^itaii 1« 

w =. w^+vs/^- 2.7^ <x ^^,-V- /x,) 

C64) 

MiiiiiilaiJag w vitli rasp eat to € ty proving tl3« saeend Sari** 
vativa d w j d ^ to ba positiv* for tlia valita of € oMaina^ 
liy jetting dw I d€ miml to aarOf no gat tlia aciaill^iioi valuo 
of C M,vth is glvao 1^ 


€ = (X,-^ /*» ) g- 


(611) 


Ilia eoatiooltF of tlio nnrr^.I ani niuMr atroaaaa at tlio 
iotorfaoo of tli« i&eiosioii anil Matrix oaii lia oasllj varifiod. 
to aobstaiitiata tli# al>ov© reaolt* By putting x ^ a. moA thm 
valuo of € froM o^oatioo (66) in oqnatioos (6^) a»i C6S) 
anA ooljm asutarimipt iodioata tiM oquilltrioM ImmArnwy 

vaioof i«o got 




z mJm g 


5 . 



^ ^ |a St O , 

(x,-» ’■' 


It ig oloar fr^. ociaatioiis(66> tliat tlio itoriRal mA uhmw 
strosaos aro oootiMiiofts mA tlio JOMp %m tlio lioi^ atroaa it 
giVMd by 

p^_ 4. ( X,4 A) g 



Saluttitiitiiii tluR iralisui € ill «qmatiiaii« C^) ai»l C€3) 
th« stfaia m«vsy la tao iaalMsicii m€ Mtrlie ar« raspeetliraljr 


w = 7^ oJS^^ 

^ C. Xj+ 



2 ./U. C, X ,+ /-^i) 


■TT Q ?5 


JiiaatiOD C65) for th® Tala® of c oaa hm irrittiitt in 
t«ra^ of tho foimg'a aodlali andl Boiaa<n*8 ratios of tho 
aatoriala involved as 


E..Ci4y; s 


im) 


Mf putting ani yu ^ •<inal to in eqnatlen («S> 

XJr V» E- E, ia onaaticm (€8), tlie oi^rosslon for £ 
wwimti'B to tfeo iaoiin raloo as flir«a liy C37>* Tliis 

is a oaso iftisn tlio taelosicm anS aatrix aro of tlio sa^ 
wttoriai* is aaottiar partiettlar oaso wo atglit talco tlie 
.inolosioii aatarlai to Ins inoooprossil!!# i.o*t Mlss«a*s ratio 
^ « fl3m VO got €. =- S 0 as it stieuxM* flio rosalt is 

tlio saso ovoa if E-i tonds to oo isslitsioo sat^iai 

is rigiii# ^ tho otlMar hmi- if tno satris is rigid /a. faid 
t# ti^imltf .tta' €- o .idiion it sorri«t m j^piisai grounds 
alsof ftit if tno Mtrix it' mlf ine^prossitlo t&sn 

e = 3E, s . 

3E,+2.E Cl+yj 

tno solstion to s^orioai iooiosioa proti^i hy a sioilar soiled 
is gioot Ixi mi^attdix I» 



chapteb h 

C<MpI«x 


94 


fti« %K«ie tt(|«ati«iis &t •lastieitjr tliMxrjr t&t thm plan* 
ease Ikava bwaa fivon la ZZX* Xa thm afe^aaae# af 

feoSjr faia®* tli® aQaatlca* of ©qallttorliia (S3.), eaa hm wp^t%m 

MB 


■bx. •b'd 


-O ^ 


^ 4. ^4^v y 

^ -ay 


= o . 


C«9) 


la plaaa j»rc*0L«ai th® eo®patit»ilit|r aqaatioa (S3) «ta 
«rltt«a la twtm of atross ooi^oaaato oaly, toy aaklai mao of 
ata«MH«*'irtaf»la folatioaa «b4 turn •q.mmUcaa of o^iillitoolffli 
(i®). Aftor m nttlo ai^plifle&tlom, ^loao WB&mm to 


( 


^ , 
■^•aC 


■toyV 


C ^ 


c- o 


(W) 


otololi aboma ttoat ^ atresa h amtlafloo tbo lop2a^*a 

•“xi* ’Yy 

otmatioa* 

Mm m'htBBAw yoatcieoA ttia iMaaiSary ooo^ltlooa Otfti too 
apoolfloi la towia of ttoo tooaaSary timotloBa m botaidary 
Slaplaooaaata, l^wio oa® mwally aofowpoS to oa flaot foa4a*» 
aaatol ppi^sZoB oa tJtoa ao^ial fmalaaontiCl pa^iSiaa foapootloolyii 
limy omrlatioaa of ttoo tooaa^ary eoaSitloaa aro oomllatolo la 
UtotatttP# a®4 oeoar la fraotloo*. T&t ojeamlo, oao algtot 


ooaaldmp Ibo alawl yrotoloa, !•»* , irtioB oa a |«yt tiai toow^ 
ary, mfaeo trmetloaa or® proaoi^ltoei aaA oa ttoo roaalatitoi 
last, tlMi 41ii®ilmimi«ats aro pr-opBaflfeoi*. la oa o tto o r oawiailOf at 
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point tiie snrfoeoy on® e^poii«sit of omrfaoo traetioa aod 
tfe« otlior OMipoBwott of daL*pl®e«M«l; cap ’fioo-irw?*** aay too glYtn* 
finally at aaeii poiat» A$ht oonoldor a ralatioiialiip featwaan 
th* aarfaoa tYaetioa and imirfaoa displaofloiiiit* EotfaYaff mm wm 
.fliall lia prlnarly ooneamad aitli tlia pt&hlmm of tiia typa of 
fifat and oaooml fwsdayaoatal probl®*®, we shall eoasidar ttoa in 
a little detail* 

In the ease of the first fwlamiitit. prohlen for plana 
prohleas ofttaticios (14) 'radneO' to 

iinilarlyt for the second firdasent^ prolilan atnations (15) 

■PVrPOTWP 

j ~ Iff) 


idiera u,csj) i»d displao^fnts givan as- a fimetioii 

of the parMiotar 3 nwally the are leng^ 

the solatiQns oi theso oqnatian# «SI)t Cf®) end flif 

C73> are generally oitalsad hy introdMng a atrass fteation oc 


first iatroitieoS hy the Bk^ULsh istron«sr Airy in lS(^t sneli 
that 


^.l 2 L 

*c!> 




zi2L . 


cw 


it is avidant ^t agnations Cf3> satisfy the a<tiiilihrian 
t^natioBa C#3)* tlw snlMitimtiffla s^s»tioai in tlu> straw 
Wi^tiMlity atwition ytalds mm MtodWenia ainatiisi 





< 74 ) 


®ilii Mluumsnle •qmaticn 1« t© t>® «oGL¥*ii mmh that it aatlafias 
tha ajiiwapriata aoBditicani gtrm at th« aarfaca ia tariai ©f 
tametiims «p '<tiajplaa«Mfits* 


Mt 4iya®t hasaS ob ©oHpiaE aaifiahl.# t^ctKil^aas o£ 

i^Ivli^ p3«ii« i^ahlaoia naa firat saggaatad hy iUC. atavwtoii 
\lO] ia H’.iu 'Bai KaiiMww 1^113 i® 0 *S*S*M.. fha »aaiilt» ara 
availahla i» tha hafliw hy l^aiddEMliaha'Ii £lg] 0 raan and lana £l 3 ] 
Si^caliiilEaff [, 8 j and othara. 


1^ aathad ia haaad tm tva aaaplax fwetiuRa 4> C^) 

moA ijf (7.) 2 . = C^i-ly) ig « ern^Ux varlabia. It tan ha 

aaatfiai «iat agiiatiaii <74) Im tanw of z. mi ita eoiilwta x 
eaa ha^ arittaa aa 


•bV 


O 


litagfatt»i thia aqaaticm oaa gats 


'X = z. f Cx)+g(^zJ -+ z.kC 2 ^) -Jr KU). 


(7») 


(76) 


faklmg tha eohiagata of aqaatioa (76) mi Boiliig that ^ ia aaai, 
“X = z. jlCzO + 3(S) h(2)tKC2.; . (77) 


hidihgt aqitatioaa (76) mi (77), 



mt 




•x 


i I z (z) + z. 4> C 2 ^) + e cz) + eC 2 ^) j ^ 


C7») 


It eaa re^^lljr prcnr#^ fey i^WJig mm nf mm.ttm» i7B) 
wmi iTB) tliat tfe# sty^ss arm glTan fey 


|3 + 1P = 4- Re 4)^CZ-), f3- j3 +2''-t3 = zfz 4>"C2^)^ *+'02^) I , 

/ 

In i^«li ©Cz) feaa !»•» raplaeiwS fey tli« ralattati 9 (z) = 

NilciBg a»« «f til# *tr«a»»»tyala r«l«tioiia in ylaina atrain 
profelaas sml •q«aticaiaC79) ttia atraia eaa fea afetaiaai 

«a<l ar« givan 1^ 

fMSj ^ e. + ^ (==■)]. 

( 80 ) 


fbm feemidary aoBitti^aiia aapmaaaS fe>y atittaticma {71} mm fea 
writtan to taiwa af toa .Ato'y^a atoaaa fwatimi aa 

5 =. b ~ii. _ b ct V . _ d / \ 

W '-«ots '^yds “ fey^ dS ^ Sx2>y dlS “ dS J ' 



cm) 


totagaating tliaaa aqiaitioiia ai^ nafeiiig aaa af atiaatiaD (78) » It 
mm fea i^aaai tfeat 


Jd[|i + L|ij ^ 4.C2.J+2 <j>'(*.J + -^c^) 


= f,* '^4+ 

(88) 


c ia a 

W»m mmttmm . C8i> mm mm ^^lato atoatoa to. %mem af ^mm 



m 


ia pl«a«*8tr&la {treMcas ma 


e.,=^ {-(>,+ C'-v)(p„-«-|5)}, 

C = _L. b 
*)- 2.M ^v‘ 


V{-t+('->'3Cl? + l?D]i7T > 

(S3} 


iK^tltatins for p p W etaatiiais (7@)y aaldiig mam mt 

•xx Vy 

^•(taatioiis {7$} md iati^ratiag aQaatiixia (83), and raaaalMiring 

= (^hiLyjhx-*-hiil hy^,am ©litaia 

2- ^ + C ' - V) Re 4> Cz) , 

2. JJ-^y s r^.^. + (^ i— Re (^z.) . 

C8€) 

Frm m^tima (®i) and C^) and raam^riaf tb&t d'cz-)s-'^(z)^it 
is aaaily aatn tbat 

2/U(^a,+ cLJl,) = i^,<^(z:)-.2: . C8S) 

idiara k.»3-4-Viii tna plana strain problems, tl^a eanstants of 
iatigratioii axprassing rigid laids^ imtion ara n^iaeted* is 
alroadj r«aaj%ai tiia solntioci for tte ganoiaillsad pljuio strati 
aass ean hm obtain^ hf raplaoing X bjr >rgiv«n bf sanation (2i>« 
Wammm in plmm^atrmaa <msa Iz. is z^plaoad hy V6* sliioli is givaa 

. * j 

Of =(3-*y)/(i4' V) • If tba tMnsE^arjr sonditicsis ara in tarw 
of tka displaera^ts %hm agnations C72} in tarns of tbs emmyilma 
tmmtimt b|r Ct8)y nill baaona 

2l m «- a k <^> Ct) - t <^>'W - Tjf (<) C86) 

-'ailMra t is bofo^ar^f inaliw ^ z. •- 



m 


fim boundari^ value pvobliAs of sioply ooimeotod regions t 
finite or Infinite , ere therefore solved if the two eonplex 
fnnetlceis cp end -\p- are deternined* Confor«il napping and 
Cenehir integrals are effeotive tools for this* As we shall he 
eeneemed neinli^ with the see<md fnndaaantal prohleay the 
Method of finding <P and -\y for sneh a ease is explained.. 

analjrtie fOBotion ^ is nsed to nap the regien 

in the X- plane into the imit cirele 1 I in the ^ -plane* 

1%a hotmdarp eonditien ean near be written bp patting 

F(^) , g(^) ^=<s‘= e''® bomadary value of$,as 

— (^(<ri •= 0 IX r ( • />T-\ ^i_ ; . . — o 1 1 1 1 (lT^ 

(«r) 


kFCo-)- ■== - Glo") = 2 . M [u,(o-) - 1 - La,M} b zmuIo-) 


therefore taking the eonjngate of the abeve 


\fia-) - -G(c-) = • 


CSS) 


Itnation. C87) ean be redneed' to an integro-diffi^ential 
eqnation* IMtiplping both sides of the eswatien by dr/axl (a--:§) 
and integrating over the. eentonr' of the unit elrelet we get 

F(cr) o L<r \_ f GH<r) F'((r) _ j f G(cr) f ufg-) ^ 

o--§ 27ri jtr-^ 2^''- j 


27 ^C J 
or 


lowy noting that if H(§] is analytie within and on i§|4 I, 


-(■ 
rt J i 


Hi<T\ 
27 rl J <r-§ 

<T 


dcr ^ H(€) j 


rj 


H((r) 

2AL J (T-t 


d«T = H(o) . 


CSO) 


l^refore eqnatien C^) b^^St 
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lcF(^) 


27ri. 


coCr) 

co'(<r) 


f(<r) 

<r-^ 


ct<r 


G(o) -= 


(91) 


By solving this equation, F(^)can be obtained. The constant 
G{o) in this equation may be evaluated by imping the condition 
F(o) = o, When F(5) is known G(^) ®ay be determined by equation 
(88) and Cauchy’s integral formula (90), 

Determination of the complex functions F(§j and G(^) will 
immediately enable us to find <*>( 1 .) and by inverse trans- 
formation from plane to z plane. After knowing ,p and y* it 
is possible to knctf the cartesian stress components by equation 
(77). The stress componaats in any curvilinear (5 system can 
be obtained from the relations 




P„-R„ + 2.i-P»,= + 


■Zi& 


(92) 


where 0 is the angle between the tang^t to the curve = 
constant, in the directicn | incr^sing, and the x -axis. 

It can be seen from equations (79) and (92) that the quantities 
4 Re <#>'(u) and +y'(x)| are invariants. As already 


remarked, the strain energy d^BiBlty for plane stress and plane 
strain cases given by equations (66) and (66) can be expressed 
in terms of these and they are respectively 

w.= 4!^ + yw| , 


(93) 


and 


Uo = 


E 





4L 


cmwrm ni 

Uliptid Ineltisioiis !¥iii«ipBl Strain 

ffe# ecmplex xarial^l® tectelcia* of soXviiig lioiaidaxy valiio 
proliloas ia •laatieiti' thimxir lias Itecai cmtlian^ la. elui|»t«r fl* 

Jk» a prelisiiaaFy axaapXa^ no liaira .solved Hie ease of t&o eirmtlar 
iitelasioB Xm appffiidix XI* As tlie aoxt oas* ifo taka 

tlia ease of aa alUptie iaolasliai idiic^ aaj ^ c^f a mttwrlal 
ilfforaat frm titot of tlio oatsido aatoidal* 

Consld«r an oXIiptie reficci. idtli s«ai»axos a sM b 
imuM aiidergo a noi»-olastle didToraatlon to an oXIiptio s^po 
ifltli s«ai*axos Oi{\^- 8^) and b()4 8^^ in thm alsiiioa of tlm 
natvixt 1^0 axes of tlai tao •lli.paas ywmining ooinaidiiit* It 
is asaWHl Umt and 8^ fail ifitlii& tbo proportional Unit 
of ttie inoliiaioB and no raiativa slippiBf takes plaeo* IiOt ns 
assnna that tlia possikla eQUilitrlnm boundary is m eUipsa of 
soni*axos aO'^€,)«cid b(i-v£j« ft^raf^Ot thm alastio' displaa^mit 
tlie boundary of tbo inalnsion is fron tbo olUpsa ^ s«U*»' 
axes 0 ( 1 +^ and b (14- Sfc) to that ©faO+€.j) «!idb(i+€.^t 

?lM> displaeanent ftoM in Uialmion oiHrrospoeidisNI to 
tbo elastle bowdary disp3ao«mt is given by 

u.=.C€,-s^x, u,= e€,-s;)y 

iilMiuM th« (tntlBa arc, b]r •qaatloaa (Se) 

i»d tbo dilatioii field is 

A » (^€.+ €-8^-8b) 
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By Hftkiiig ms* mt tli# »tf'«siiN'Sti»ai!i ralaticmi (24) and aqaaticaui 
(BB) tlta strata flald ta tlia itialaaicai is By 


p = \(fe + £ - S^-S.) + 2 - S^) , 

?,= \(€ S.- S.) + 2 ,u,(£ - 6,) , P = o . 


tl» aai«es of straias aad atraaaes glaaa By aquations {®B> and 
(92) satisfy tlia aqisitiogis of aqaililiriiwi tBa eoayatilxility 
ralatioas and tBa boundary o^oaiitioiis* By laiiqiiaaass tbaoraa ia 
alastiaity tbaca»y for a siaply oonnaotaS body» tbis is tba 
soltttlcn* 

By sabstitatiag tiia aalaas of and F?, in aqaat- 

ioM (fiS)f tMm strain . aiiargy dsnsity in tba iaaliisioii is obtaioai* 
It is given byy aftar sona alanant^ry 

l[^Ct.+ vs.-so"+2a{C£,-so"+(,£:S.;}] . („) 

Intagrating aqnatioii (97) mm ^a araa -of tba Inalasion wa gat 
tba strain anargy par miit tbi^Enass to ba 


V s.- s^'+2/.,(C£rS/+C£j8;j] (••) 

fha displaeanant mmpmmta of tba intarior botmiary of tlm 
■atrir ara givan by 


a = 




^ 2.4-Z. 

6 — . 


u,= €,y = 


£i 


Z.-Z. 

zl 


(99) 


It nay ba rsMazbad that nnliba tba ineltisioiiy tba strain fiald 
tba natrig a«Mt ba daSitoad fron tba abova sat of aqnaticsia* 
^IBnea t^ hmm^y displnaanmts bnomi tba i^oblm mm ba 
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to !>• soeondl fon^ameKt&l protlwit alr^djr st&t«di in 
Jtm 

As alraadj tlds problea eenuilsts la flii<!ii% tb« 

olaatlo fieM In m intditiii iilian tho dlsplAeoamts ar« giv«a at 
tlia sttrfaea* In pXana alaatleltjr tills ean b« iim« W l*liid:lbBiC 
tw» s<Mqpiai; potsntlals 4* (z.) 'll/ (z.) itoimgbMsiat tbs vsglsn* 

In saas of psrf^atlsna othsr titan salt sirsls« a 'Sapping 
fonetlcii la rsqnlred sbleb m&ps tbs r^lcn stctsa^l^ to tb# 
botmdmr^ to tlis roglon iritlito ( <xt idltlumt ) tbs eirels* In tlis 
folloirli^ aaalpals tlmss nappini fsnetlons bavs bssa tabsn 
asp tbs ontsr rsglcsi In z. «plaiis to nitbln tbs elrols sdT salt 
imdlns^ 

fbs ragioo ontalds tbs slUints In tbs -z -plans la nappsd 
Into a slz’sls | 1 In tbs ^ -plans bjr tbs fmotlon 

rs <«C^) =RC'«'S+-^) . »«» 

ibsrs R = (a -v b) /2 and mn ^ (a - b) ^(^a+b) » To distlnciilab tbs 
bomt'fary salnsa of $ sn tbs nnlt slrels from tbi^s vitblii lt» 

^ bas bssn rsplaosd bj cr on tbs ObftonslF » 1 

It sbonld bs notsd trm sqnatlm (100) tbat at tbs p<^t cr =■ 
dsserlbss tbs olrols\ 0 *\si In antl-oloslcifiss dlrsetioot tbs 
point z. tvmoss tbs sUlptlo boimdary in tbs oloebiilss dlrsetlon* 
Tbos tbs pan^istrls sanations of tbs slllpss sill bo 

OC - a Cos(.-6)S a Cose^ y = b Sm(-O) S - b Sm e 

It mf bo notsd tbat If "'^•o in (lOO)t ^ «ipt tlwi 

■fSilon sxtorimr to a oipolo 'Of radios R la z - piano 'to tbs 
lbt«rl<br of « wilt ^rolo la i^-plaao* on tbo otbsa^Mnd If 
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Tf\ — ►I I, tli« slit in tli« X -pliii® h&tmmm (ZR^o) aii4 (j-ZR^o) 
it trantfosniitS into | ST | ^ i Hiis it an i«pf»‘t«at tats frm 
anginetriiif pc^t 0i iri«ir asid rtfsrs fm thm ease of a stfaigitt 
orseli: in «a infizULto ustorial. 

Sabstittttiztg ttis vaimo of ^ liy oquatioii (XOO) iM «(|iiatlcin 
Cl^) «ii<l Milciiifi ase of oqoatiaii (Sf7) tho etoatic» to Sotemdao 
f^eti'Ons F «Eid Ci it givi^ hf 



a«a> 


14I«7« 

= + B =/«R{cer£j-^+C£, + €-;>] 

Italtiplyiiig botli tides of eqaatio® Cl€l> Ifey dr l(p--^)ZT^i 
and t&MBi ittticratitis rend the oontovyr P 'Of thm md,t eirele 
ih § wm $e4 


k. r F C<r) dr 

Z.T^i J 0-- ^ 

r 


^ f TTiq-Vl F ( G («■) 

27VL Jtr(yn-o^ (o — 2^^ J o — Sf 

p r 


clo" 


_ \ ^Atrdo- . ^ f Bdcr ^ ^ 

“ 27\lJ<r-$ 2-nl J * CWI 

T> p 

the proof that the seeoixd tntegral is sero and third eaa he tahaa 
to he eqioal to i^ro it gieea la hooks on elastioitjr th^iry [l4] • 


Itnee hy esioatiofi (lOS) we get 

U-F(^3)=Ai, or F(^3_) = Ai. 


( 104 ) 


faleiBg the eoo|iigate ^ ofoatieii (101) «i4 iiitegiatiiis afttif 
oilltiflyiag hy d<rlCr^^)z7il it is tasily seeii that 



4§ 


GC^) = ALI±2!UA - B ^ <3lo8> 

^ k. 

fhm ealcsulAticKi of the strossos everjn^«r« involves tli« 
iotejwiaatioii 4>' (^z) « <^»" (^z) ana • fli®«« ea« too dotoraslmta 

as f oiloirot 

A' f z.-) - ^ = dFCi) . ^ ^ A, 

^ dr d S clr k. R(;mSiO 


and aiasllorljr 


4 >\z) = 


_. -2A 




IcR*- C-wr- 0 ' 


I \i > 


iim) 


V W = =z f A B 1 

o/z. 1 ic O-ttx J R (^4- 1) 

.Pattioii tliaso valnoa ia oquaticno (79). wo gat 
p -V p = 4- Re 4>Vz) = 4 Re ^ — 

- L (■m'5+4^ ^ + f A TY'tCsWig-irn^'* 

RfwS-Q L Vc ^ «/ (tn I k (l-'m3^)’- jj 

^ <1(57) 

tlia atraaa ftald ia ttoa aatrix ia glv^ toy ain^ttcaoi H&fh 

▼alaaa ^ t p «id p at tlw iwar bouadary iiatlag* 


aiatoad tojr tlaa saperseript c aaa glvaa togr 


c e. 


.X‘‘« 


pr “V* p OB 4- A £ ^ 4* A , nity ** C.o s 2 l 0 

“ VtR ' * k.R 2."m Cos z© 





. f ACm-t-(5-t-Tr\3 e 



-zA {^Cos^e-C3^^rft) cos2Q-t-Csm-0) 2.B Tn- cosze 

(^'Yyv'-'2.W COS2.6 -V R (Ttn-?.^ CoS 2 ©■*•») 


■^ 2^ 1“ aC3^-^-2.Cos 2.Q) SiVx2e 
R L Ic (irn^-2.''fn Cos a© -V- 


B SinZe 

(^Y^^- ZTfx Ce>S2© ■'■ < ) 



CIOS) 

Sep«ratliii tlie rml aM part of «<|ttati€fts (103) a&i 

lolTiiii t&f ^ y ^ aiii<3 wa gat 

p =. A r jA-m-tT.') Cos2©-6^4»G"W+3-m-va) Cos2.e -V (2ittfv3'm-vatY\H j "1 

k-R. L COJS2© -V J 

. ^ Ta-cosa© 

R, (_'«\-2Tf\Cos2©+0 ^ 

tS - _A_ Rivttv-z-) Cos2 6 Cm ~ fetn-»-3Tr(\-a) Cosa© -»• Cz-'m - 3inr^+aTf\ -y- 1 ) ~1 
“ 'IcrL C'w’'-a'm cos J 

— — -Tn-Cos 2. © 

C'^’:^^wcos2© + 0 

^ ~ ((■5-m--m3-2Cos2©^ SiVtae -V— ^m2 0 

k-R. (•m’-ZTtn ce»sa0-+\)^ (;^-2-mCos2©-vl) 


(ion) 

tlia l»oi8iSarjr iralaaa af thm straps eaii^«B«its l^sa l»aiB faBSi 
far taa rmamm^ Hrat^ hamma tha:^ glra t^a ralttss af l^iasa 
axtartial faraa intaasitias for a girm iisplaseBsot 

flald* lat ^ saaai^ tmi t&a wra iapertmit raunsi isj tliat 
liM strata samr isastty mmmt ta ai^lalatai fraa tiia 
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#x|ir«*si«3iij3 <X07)* W« therefor® f mpm. to app3.7 

ClA|KBjroB*s tlMHO^eiiy relates tii# voric; Spiie chi tlie iMsm^arf 

to tli« atralu mmwgy in tlie todir 

j* dS, 

“ a f [ Rv ‘-*'y'*'l§v{ Ll.^^o^Cy*^; + U^yCoS 

da, 

*2 f [PxxS^ ^ y - Pv,^.y ^ ^ + icy , 

= #in(^i+w) £+0*^) ■ ^0-^)[e ico*"e + €.^|f3^SiVi‘©]]de , 

^ ^ (110) 

Jtoi tlift mmetmA line <if ttiese si^p»lifie«tie»St vo hare pat tlw 
valmss of * ^y f^^ wiaatioiis (71)* Xu t^o tMrdf tlio 
ralaes sf U.,, k Uy Iwro Immq salwtitmtod frcsi oqaatioiis (W)* 

It 107 ^ notoi tiMit mo lias borai oado of tbs rolatioos 
Cos(x.-n)-^ > CosCy^ti)*^* Fioally* oo loiso sot sc^rcosO, 

■y a — R sin 6. 

Salistitiitioa of tlio valoos of ip • ^ tmm 

oqnatims (109) in CllO)f will rowml tint it law^wos sons 
iategral^f iribmo walaos aro glwm in apponSix III* Ifoldisg oso 
of tlioso iotfiifriils in oqaatioo (110) wo olHtaiii 

w =.2L£L)°L./s.£\k. + 0+2€.eCk-») + J&-^’'(k+o]'^- 

Zk (b ^ i ^ ct 

Tiio total stiaia oiergy w of tlio »yBt«m is tbs somlar 
wm ^ giwe& ty otnatio® (9») mA W,„ giwo® by (111). 

w = W^+W,.S|^[_X,(_€,+ €^-6^-S^+Z-u,[Cfe-y’'+tt^-S^)*] 

+ f- {i €X‘^+0+^^^Ci^-'>k<0.+Oj] 


ilia) 


m 


Wteistsing vv ifitli r«Bp«ct. to €, mi«S' C vatti:’;,'" 

dw/b€ =o«iBi oMftia tbe follO¥iag 8«t of siaul* 

tonooas oqaaticais. 


f f ^Ck--^0 g 
'V k. b 




-V- x.j €^- c V^^«) O - 

-V (^ X, + 2 /U,^ j — (^X + 2 S^- X,S^= O . 


Soiling for e j «»4 €.^ wm ©btoia 

b j^S^{ b ^(k-+i)(^ X,-4-2^ij) + 4./a,k. Ol- Xj/j. Ck.-\) aj 

+ /Ct 6 ^ 1 ^ X k + 1 ^ b - j+ z C .^~0 J 

4-cxb k(^Xj-v>Uj)j + X,Xi^lcC'°^-b)V (^a+b3H-v2/jL/jL,(^+iJ ^ 

ia^+h^) 

a [j5^{ a M C *<■ *"' ) C 4-/<A,k. (^ X +/U,) b - X,^ ( k - 9 b ^ 

•+ M- S^{^X|(_ k.-v\J ex- (.Xj+2/x,^ ^ k--J^ 


€ - 


%. 4-ob (_X,-\-/U,) j-v X,^ |k(^a-b)%^+b3^J-f 


It ®«ii b« oaoily «®«ii tfeMit(S\v;/ c)€^) >(^d^k;/^£, d £j)^ 

i^eh t« triiio m flijFsiisal froonils. 



mM.nm fxii 

Mseipil itraint C€!<3aM») 


m 


Tlia iatarfaea has Isaeia ol»taiii«S in tamns of 

tvo pirmMtars €, and • It is l^sad m tha assai^tlim tiiat 
tHa iaalmsicai of a^^axas (^a,b)«hieli %m^» to ooontf tlia twm 
tmfmem of «aad»axa« a(i + 8<j , b(i+ vill in aqailibrlta 
IMNiiticKi also ba am alUpsa ^ amA^mxm a (i+€,j , b and 

fortiior that tha axas liaiNi oot rotatad* It first sight it 
appaars to ba a raasoeabla assan^tion liiieh va shall prova to bo 
am'raot. It najr ba aapliasisad that in all our prasaat wofic* 
tha oontinaitp of tha iMitarial is Maintained throoghoat* 

Gmo aajr snradaa tlmt an ellipse fxea surface si so 
2 a(^l-v S) X'SLbO+S^imniM ba an allipsa of aqnililMriaa sisa 
2.a(j-\- £) x2b •* Xboa 

'^a a^aatioiMi flli) hjr pnttii^ Sb » that ist in tha ganaral 
oasa a siidlan and sinilarU situated free snrfaea would not hawa 
a sinilar and aiailar^ aitnatad aqnilihrittM irntrnwimmm ' fhia is 
an ii^oirtMEit result* flia results ^tainad in tha previous 
4iiaptar§ tluKmfora§ hare to ba .substantiated by an indapand s® t 
ohecic* 

this oonsists in finding the nornal and shearing stresses 
both for tho inelusion and tl^ Matrix and proving their emtimltyt 
If ^s bo provodf then sine# the values of £ , and € have bean 
obtainad froM tha aquations hf sqidlibriMat eoii^tibilitf sq^t-* 
ions* stroswstrain relations and b^miarp oonditioiis and also 
•atisfp ^ MditieiMi of ^ntlnaitp Of displaeenoitSf ^s 
'onald giro tha eorrsot solution* 
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T0 prove oontinuitf of 1&® imsml mA 8%tMr stro^soo^ 
it i« aoeossorj to Soteroine ttio vmXiios of tlw oonstiots A «Qi 
B iiliioli l9Miv« Imm introioooil in eqoaticns (10@)« Substituting 
tins values of £, and in torus of and in 
^ese eanstants aro given hy 

^ —2. A^o-b k. (!/-*■ 2. '^<)(cx^-bS^+ ^ 

4- ab k CX,+ ^,) ] + (,a (^a4b)3i.E/Ci/A(^K.+9(cf+l^ ^ 

B ^\4 2/^(^bSe;t n-St)4- { X,/m-2 k, ] dQ-^4 

“a ah{yix%A^^ k { l^Co-' Cc‘ + bJ}V2/U/U,(k+lj (jf+e) * 


cmi 


Dii^tl]^ ^a i^irauly skoar and atri»isas ^IT p t 

'>rk 

b and p rmpmUylr mi usii^ tim invufiai^a rolatioi^p 
of 1^' tqrdroatotie strossy wo obsofvo timt 



mm 


MOon t3ko sfatoo of roferM^oe at a point is inolinod at an 

«igMs3.a p wl^ (x. vj)s]nits« roforaneaf tOo strossoo ara rolatad 
bjr ttio volatioe 


— 2.£ft 

(es-E,+ 2-'^K.) = ClJ-e.+2>-R;)e . 


(m) 


ffoii tlMi abovo-oefttioi^ two vo'latiima m$} miM, ClliS) vo ofalaato 


SL 


to -n y ^ Cos 2 p + p Sm a ^ . 

Sm 2^ “■> 

p St — S\t\ 2. ^ + 1^ Cos 2. ^ V 

V 2. 

P =• CoS 2. b S»o 2 l P 

^ Z Z *v . 


(117) 

Vm first «iraliiat« tiles® Boroial shear siul hoop stresses f«r 
the IrtelosiQii* Bitting the valmes of 

fro® ^SMitioiis (9®) aai sttfeotitwtiag the vnlees of €, «a^ 
fro® f^eaticsis (113) an® wUdng as® of the expressioas for A 
®ii B t it is readilf se'Sn tliat 

- (a Ca-b)+ B Co-*^b) lt)-{ACaAb) + BC<i-bJ)k,J Cos2p 

S — — j 

2 k. OL b 

p«r { A ca + b)-^. BCo-b^ k] Sm^p 

’>* ~ 2. k ab * 



-(ACa-b)+BCa-¥b3 kj+ (A Ca-»'b)+B C<^-b) k J o»s2P 

2 k ab 

(113) 


ifeero the stt|»erseri,pt if refers to the l^naiiary valjsea of the 
stresses at e^eilihri^ iaterfaee* 

Sisllarlar the rali^s ^ i and for the 

amtrijc mm he 4et«niifted hf eqmtiona (109) end (114)« 

«se «r ««iistioiis (lit) the trlgcRiiiaetrie relstioBS for the 





Cos 2? ta) - Cos 2 e] 

Ccif+i>3 - Cosze 


Sin2^ = 


-2ab SiViza. 


- (.a-lS} Cos 2 e 


cut) 


V# obtain 


=£-{ A(_Q-bJ)+BCa+b) k.]-[ AQa+b;+ BkCa-b) j Cos2pJ^^^ ^ 


t- -' 


*» akab 


3 A (JX~ b^- B k. (_a+ b^-B k b) Co s 2 ji +3 /» (a4-b) CoS2^ 


am} 


It oaa bo goon bjr ec^poring: tbo or,i2atl»s CUt) oni CU^) 
tliiit tlw im^iMil otrosoos ^ 9 anS tiio irilMor str^oos 

t-fm 

P t aro ooBtimma. It my bo roaaalMi ^ro tbat tlioao 

T^S I r\s 

aojoalto fcr tbo partionlaF 0080« tbo olaatle proprtios 

of tbo lneIiisi«B ani aatrlx aro tbo mm md S(.s 8 agroo 
idlb tbo iralnoo of tbo bem^&ry otroooos dotoi^ainod bjr MioIb3r[^]. 

tbo beop atroooos aro 41seontiniio^ at tbo Intoffaoo* It 
my bo aoon fmm ^o for that idion 

ani t foaitioo iai4 tonallo mad ^ ia 

bogatioo ani ooaproaaiira* Tbia la oMoaa m ilqrtleol gr^atia 
alao* i o ia a trii^ai oaso aa i 4U ba ao atrwia 



m 


f!i« juiiq} tn the hoop stress is give® liy 

^ ^ ~ j^{ A B ^cx+b^ kJ-4-ZA (^a+b^ Cos2.pJ 

It is iateresting to ^rair lines of lEasiaii® shear stress in tlj» 
■atrir. ’fhese have bes® 4rsim in fig. 2 for the siMielal <8®se 
i^Nai S^ = S^*S f&t sjElal raticMi a/b=2 and 5 vkm the 
iBe'lnsieci and aatrix; are ^ the ease imterials* 

The potential ftnietiens F and G hare been eralnated 
for the natrix. Hslci^ use of these fro» equations ClO€> and 
<10@) together wim equation (lOD) in equations CSS), ^e valims 
of and U.y ean he eralnated at anjr point in the matrix* 
loinnrer at the interface th.e oinilibriiui bonndarjr has tmen 
tidcen to he an ellipse of s^^axes a.(^i+ £,) , b((+ €^) * 
'M^titntien of the ralnes of €, , glees the ^lape of the 
interface* In table 1 , we give the rallies of ^ , in 

tersis of t Sy idien the Mts8en*s retio is ^/4- , or '//3 

or both f^ ^e iaelwion and matrix aaterialst and^ thi^r 

Yo%mg*s nodmlii are in the ratios o ^ ^ i ^3 o* « 

This accounts for different tensile strengths of the init.3iieion* 
This table Is gir n for sisne axial ratios of tin elHptle 
iaolnsion* 

If the inelusioa is of a harder material, its non- 
elastic di^om^tion vcnld hare a diwlninit inflnence on the 
^nilibriini interface and the stress distritation* . It maf be 
noted that the eqnllihrim position depends upon the axial 
reties as^ the relatir# stress^free displaceneets.aM' the 
l^^^^es of the set^iels* In fig* S the s^^Malic repre* 
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t&r tUtt e’lullibriMm is glvm for Mmm ratios 

oC S ' s for a / b - 5 • it my be roaark®^ tMt in th« 

snaXjrsis givsn in tlie provioite olis|>t«ry ootliiiig proeii^os ttui 
poosiMMtjr of laog&tiro raioes of S *s«> Iseieo if wo toko 
S =- S md 8. t the mm of a sliMr strain oan bo obtained* 
Tbo strain mmrgf in the inelnsion and fln.l^ix mm he det«r» 
atned hy last sotting the valnes of €, and oiaatlons 

iUZ) in equation C98> and in aquation (IiX> respeetiroly* It 
oan ho oasilf so«ci frcm aqnations (113) that if the tnolnaion 
is eirenlar, i*e*» a *b , wo got 


(_ X,~V jCt|J 4- “ 2 . /*^i Ic ^ 4~ ^ ^ I C ^ ~ 0 } 

2. C/^ ■'^1 C ^ 



^>) -V2 +A^ M,k,} -V S^yU. { Xr C !<> - Oj 

aC/<^+>u, kj (^ + >u.,-vxx) 


by sottii^E G W9 rooorer the rosnlt given in olmptor t't 

g= e = £ (x,-v^)S _ . 

t,- fc.^- fe. - 


if tho inolasloB is a slender on® i*«*t b(a.— o , tho 
eorrospoading rosnlts of £|aiid C^eaa be ovalnsted by donations 
C113)* fhese are 


€=0 

I 






farther if the immhmtm is ineoi^ressi1il«i i#e. t 
t resaiinii^ finite} 


OO 



0 '*•4- qxt.k ~ ^ 4- xxS^{(.Q.-t- b)- Qo-- b) k>)3 

4- a b yU-j k. 4- vU. £ k. (,OL — bj^ 4 . (jx 4- 

Q-ESJ; Q-/^Ck-‘*'04-4-b>tA.,k-x»>(^k.-<j bj^- aa. Co--vb^^- CQ-~**^ b. 
4-ab/U, k+A».£k. C^- b^^- 4 . (_a. -v bfj 


Da til# cithttrlfetfad if lM>tli X, andl xx. tsai to iafliiitjy i*#*f 
iaelagloii is rigii, w« got £,« 6b • If tfe« matrix is 

iaeoapiosaiblo i.o. t k =• 3-4 i-> = ^ {siSHs# =i{Z ) 

- *=> C.sj b >a C x,4 2 l ax) 4- 2 xaX A ,4-/a.;) 0 .} + 2 .X,^J-b 8^1 ^ 

2 OL b (>u?4- j 4 C C®-’’"'’ ‘^) 

£. - o-ESj g/^ ,-^2 as) 2-/^.CA pt- ajlQ b } 4- 2X.<u a SJ 

^ 2o.b [/Ct*‘4-/Uj(^X4- J 4-/Ji-£X + 2Mj)(a%i^ 

^If ^o astilx is rigid t €, =o> ejO «dtlo& is eorroet im 
pajfsiosl grcmiis ss woll* 


om&Fsm IX 

XLHptie laeliisi^ms ^«eir StraJLm 


In tbia eliaptaF v« eotislder tte easa of an olliptio Iae3»» 
Sion vliieli miergoes spontanaoasljr a non-alastie ilafoFfliatioii 
la i^yieli tli« <ilopla 0 «»wt ar« -vs. y paarallal to 

x»«xi* aM DC |Hu?all«l t&' y-axla* ( y^ and ara ultliia 
proportional liailts.) This mm» that ttm frea sarfaoa will ha 
an alllpta wtiosa ptramstrio aipat&ons will ha 

X = a Cos 0 + \b Sin 0 , y = b Sm 0 + ‘Y^cx Cos 0 . 


Tii« aaiar axis ckf 'i^s will h« iaellai^ to x<->axls hp a sMtU 


aaglaoc giran hp 


oC = 


d\±^ 

\3- CX^ 


l^ths af naj^ ai^ niaor axaa this aWpsa will 
raspaatiwaly ha 

aagXaetiaf foartli aa<S hli^ar pa^rs of Y *a* If tha saaonl 
-ariar affaats ara also i^glaatad.^ as wa do in VUsmf alaatlalty 
^laorpy tiion tiia najor and siaor axaa will ha a a and z b 
raa^ativalf. 

Sha foaalhla a(|«ii.llhriPi banEiiary is assmad to ha an 
.hilipsa agato is Masnrad fron initial siss of tha. 



CIS!) 


Iu>le ia tlift mtrtx «a<I is sa@li t^t it earn he obtains^ bf' 
gi'Tiiif a AisplAemMity 

"'C y ^ X ^ > 

t# its bswidary* Vs shall sheur that this ssmiptisa rsgstdlfif 
tbs st^iiibrihs intsrfaes is sorrset. Vs sh'.ll Setsrsiiiie 
emXvmm sC V, isid y iia tsxsn sf X t X » <>■ b 

slsstis prspsrtiss tbs i^tsrisls* ^ It as/ imeidsntsllj bs 
S^bisbsi. that X t X stsili ispsnd spsii tbs ssisl rstiss ss^ 
CX-V X) • ibis Isttsr ©bssrvatloa follsus tvem tbs fast that 
tbs asi»-'Slastie displaesomts 9 and \:x bs written as 

\y = { Cx+ X) + Cx- X) ] y /2 . 


■mB4 the ssssnd teaem m ^s sight band aids sf \ ^ asd \ ^ 
memmt fsr a stgii bsd|r s^tatisn. 

lbs slastie displassntift sf ths bsisidasir sf ^s ts«lbsiib 
baa sompsnsiits 

- Cx-x) X • 


Bp tbs sans tfins sf r^Misning wbisb we ibN^ fsr prineipai s^ainsi 
it mm bs ssse that tbs displas«nmt ftsld at mf i»^t Ia tbs 
iaslnsise is givia bp 


C^.'X) y ^ Uy* (X'\) “X . 


iim} 


Bp sslcif^ bss sf tbs stx^dUh-dispiasQMit sslatisns' CBB) 

V ^ o . <J.r4 c^*x-x-x) . 


i%m} 



&Tm t© til© #tip®s«©s hy looic©** lam ©©d t&©r©f«af«t 

tti© 8tr«s© ttmM i© til© ineittsl©© 


1?, = O . e = o . (?, = v^- V,) 

l^©atif»© iltZ) satisfjr til© bf»iiida]*jr ©©nilti©©©* Als© ^li© 
©^witi©©« CI23) ©Hi (134) satlsfjT tit© ©qwitiiaiis ©dt ©qiiilitrFi^ 
maS. 1&« e©«p©tiM.lltjr ©qitatims* tli«s© «r» tm« 

str©s8«« and ■trains ©orraspaifeiing t© tii© ©lasti© 4i«^la©©^aMat8 
of tbi© i©eliisi©ii« 

Bjr imtting tlios© ©alaoa of strassos ia «qiiati©ii (iS) tMi 
■train oBttii^ir 4«nsitjr is <l«t«rsln©d to l>® 

imtegratoS mmy t^« ar«a ©f tB© inolosisii fl©lils its 
■traia mmmy f'or ©sit to t© 

(^\,+ '/-VX)^ (125) 

fil© iHsoRdary 4i«|^Iao«»(»t of oatrix is glvm W ©qoatissi 
(131) and is 

U. = "Y U = Y , U. = 'tf !>C * Y 

''ly - ’'12,1. y ' 2. 

It is not posi^Mo to asstme ^i© iisplaoaosat fioM in Hi© natrix 
fron'tMs sot of tooniarx displaoonaats* lano© to 4ot«miii© tin 
stross-fioli ©to. t in tBo w^trlx fiar ^© tomidar jr oonditions 
(131 )t ^© ooi[^I@x ©nriabl© nathoS ntiUsad for ^o prinoipsl 
stfaia pfMj&m (titoftor I'll) is iis«d« 
fit© napi^ing fimetion 

z = odC^) = *^ ’ 



fiVflit «qmtii3iQ 1» again ase« to mp tb» itegXm cw^t^o 

tfe,« olliino ia t&« 2 -piano Into a mtt oirolo [ S | - ^ in ^o 
^ -piano. Vo antotitnto f&t z in ^nations (1^) in toms 
S firm tho napping fonetion glvon al^so an^ p«t ^ -<r tlio 
bcsenSai'y. T&ls Iwnndary ^aln® «xf ui^ , u.^ in toms erf" «r is 
snl^tittit^ in aquation (S7)* It my. to notoi that in tho 
sight hand si4o of this ^nationt tho - hoimdasy value of 2 has 
airoaiy hom jropla®o4 hy its hoimdary vaino in toms of o- 
fhns tho funotions- F ani G are to ho ohtainod fron tho 
oqnatioe 

whoso 

A.= (C'f.-^)’*'*CX+"".)] /^R,B.=-uR{tY^-V,)+(Y^+X)™]. 

Ao fisiotians FC^) nnA gC^) have hooa dot^nteo^ fson 
ocinatlon Cl^) hy fwning tho integro-f^iffos^tial oqnatisn and 
solving ^on hy ^o nathod d^^hoi in limptos H tmA applied 
in ^laptos VZIm Ihoao aso fooM to^ ho 

fcS) 

6C^) 

fim stsms oosq^«ta t and map nm ho dot^p* 
nisod hy fis^ doiosnteiiig <^'(^ 2 ) t '^'C^) fmtionii 


I A. ^ 

^ 4.1 , 

cm) 



e& 


6(.^) aftlciiis m9 of on iixvoroo tiioisfox«»tl.oii fftw 
3 tO' 2 : • Eolfttioos l»otiro«n tlioso fuootlons afo alroadijr 
taown bj •Quatims (106>* tiioao aro gl^m by 




lA, 
k,R 


S -Z«-A. s 


ill /■ _ \ — 2 .*- Ai S 

- 1 } ^ ^ C ) “ Crn 


lir'f:?:) _ f C5+Tnr^)^-TfY>§^ ; r\ 


R(;m^M) 


a^) 


Snbstitotion oC ^«s« valmoo in oqnotitHia (79) fiolids for tbo 
strips fioM in natrix 



A> Ra 


LA. 

k-R. (m^'O 






- 


*-y 


R 0 ^ 5 ^ 1 } 


C^®-^ s) 


3 


(m 5 - 1 }’ 


/ KYV-V C5 -V'YYl } S-Tg ^ ^ 

Ik. (\--m 5 r^^ 



Hm atrain tnargy in iftm Matrix ia 4aiaf«iiiaS by tba aana. 
natlxj^a utiii^ aara naaE in tba prineiyal strain yroblani, i«®.t 
by tbo tbaortai relating thm worlc i««a at thm hmmMTf to tba 
strain*aBarf y. T& aaiimlata tba wort-. 4i»« at tii# banaiaryt 
tba baan^ry traotiona ara first 4atamlna^* Vm tbaaa thm 
rallies tba baaaiary atraasas ara aralmitaS* fbasa ara iatMP* 
ntaat by ptttiag ^ = a- * e "® in CXi0>. By i^lti^f we gat 




A,{(2. + 3Tn+2m--TY?'i -2 1) Cos 2 0 ) 5m 2© 

R Q-rn-Zm Cos 2e +1)^ 


B, Sm- 2.0 

R(Trt^-ZTrv Cos ZQ-^iy * 


p - - A.(2Cos^2e-C5Tn+nr!) Cos Z6-4 - CSttv-I )} 
IcR Cos 20-V'l)’^ 


Cos 20) 

R C'Yr^‘-2Tn. Cos 2 6 +1) * 


c A,{(2-3W + 21tn%'nr?) + 2(l-Z‘m) Ccs20} SmZ© 
" k-R Cos 20 


Bi Sm 20- 

R Cos 20+1) 


cm) 


tUtt Iwlp or tho oqiBitioBo C7I.) tl» iralaos oT tlio 
mTaoo tim'Otiimo R* a«^ Rly «i*o givoa toy 

Cos Cos cbi'^) > Rv* 4 (y • 


lytiai «•« or tiso fwrfooo 4&«plaemB^ W mmtlmm ilM'h ^ 
mentijm ’^t t&« oooxir to 

j 

m^t Mglit m ^ 9%miM mmf ^ aot^rlx* 



Aftiiir dmi^i iig x, y im Uy^ Cos(x,n), CosCy-'*^)^ ols 

Sm t0rm9 of 'ttt« sisgio inurlAliio 0 C&« in ms« of irlzwliMil 

strain) m oHalii 


Sm2©4- Sm26-l|p-w)|Y^Cos"-e 

O 

4- 7 S'.n^e de . 


cut) 


FattiBf th« iralaips ®f jo » jo aad jp fr«» aquatioBiCUl) 

I ML ‘yy '^y 

in oqoatiott fX3t) aai tat^ratifiiy wo stiall oOtaU 

{•s-(i^+^)"'>20-><-)x\+ -f c^+ox'i . 

cua) 


At ibis stagOf wo sliaXI bars to oalco asa of sooo iAti^rala 
ifliieh aro giiroo Sa appoi^ix llXf 

tiNi ^al strain mmwgy la tlio !!>eSiii!i’ from ataatioas 
ai^ cut) is 


w =w-vw„=^[^{k(.,4.k.)X"+2(l-k.)Y,\+f (.+ lc)v:] 


cm) 


Miisiaialai w aitii raapaotbDry, and § thm folXmdr^ sat o€' 
Uaaar siaaltnsaotis actuations aBi obtaiaat. 


C.X-'^X) = ^ 

k.^ a, 4“ b k. -4*.,^ V^4 j»''r,|^(\-*- k.^ /tx 4-/41 k, ^ - /Ajk.b » O 



fti« wilt#* ©f "f, andi X froii tkm* t© lia 


aAX,((a+b) C><--vO ~2Lb)Cx-^X) 

4 -cxb ^ AX, C.a + (^K,-V 1 ) 

bM,(CcL-t-b)Ck-v‘») -Zaj Cx-v-X) 
J^Oih (^AX- AXj) + yix, C. <^ + b)^ k -V 1} 




Sabstitmtimi of Y, «si 4 Ya. to rotovant ^aattco* d©t®rsis@s 
tho otoatlo fioMf to th« toolasion «M Matrix Matarials# 


mkpsm X 

SiMMir Simla ) 

As l3as been iuittifl»e€ la ebaptor 7XII« it is aaeassai'jr to 
salistaatiato tho reaalts hy satisfTiag tli« asaal botmdarir 
eoKliiioaB* tbls etmsisis ia proviag tlio oaatiaaitjr of t!i« 
aoraal aad 8li««r siressos &t tbo iatoffaeoy aad also of tlia 
eoatioaitjr of tba botiadary <tispXao«a«ata* 

f!i« oartasiaa eoa^meats of atiroaaea ia tbo iaolasloa aro 
obtaiaad by saitiag Ibt# iraiaaa of f froa i^iaitioaa (135) 
ia (IM)* As aomal aaS sbaar str^sas ara to ba aoati* 
aaoas at Hia iatarfaeot it is aaafiil to tbasa strass 

aoi^aaioits ia taras ef tba aoraily sbaar aasi boop stirass 
eoi^Knoats. Va agaia laia tba forMilaa (li7> miatas tba 

ac^aaXf sbaar aad boop stirassas to aart^iaa strass mmprnmtrnm 
fliasa ava ftaaid to ba 

- 4->UAA,a b C\-^X) Sm2 

4ab (^/u-Ax,}-vxL^(^a-vb)("(^k--V'l) 

^ A- M MQ-b Cos Z ft 

4o.b (,^-/u,;-v/UXa.+ b)^(k.+1j 

4./A./x,o-fc> CX4X) S\yi 2. fi 

4 Q b (Ak’-M.) 4-yU.,C.<>--^ b)Xk**-»J" 


e% 

p*" - 

»Tf*S — 

- 

SS — 


(ia6> 

Slibstitatioa 9t tba mlmB ei Y, sod Yx ataatioas 

(135) ia aqaatiatts Cim) iataialaas tba aalaos ^ aastaaiaa 
stifMia aoMNbiiatS' at i^a ibirilisfaoa ia Hus aatNIa* aaoiaasaioas 



m th« jdLiitt iwnd sid« df dtnatioiis <132) emBtmtu A, mii B, 
«r« ftidir vmlmes «r« otitaliidd hf sa)»stitiitiiig 

Yaluds of wm&tlmM (131) isto TImf mfm 

A _ 2^ AM.ab CQ-*-fc>)CXd-'X>) ^ j 

' 4 . o. b (^AJi. — AJ.,) -V >*-*", 

B _ -2.AAya,a-b(.a.-vb)(^\4.X) 

' 4 .CI b (^AJi - m) + /<Ji,(^a4-by(^k+‘i) 

Vftilisinie irmlm«c t& » )o and «aS 

■skiiii ms* df •Qmmtisms (117) and tli* trigoiiiMWtxleal relatidfts 
df aqiiaticmis CHS)* awm&lt alm&r bimp stx^«ss«s la t^* 
Bstrix at tba iatarfaaa ara glirm bp 

u _ - 4./i./A,ab CX-^X) 

4- a b - A^i) + /^,(.ci -»- b 0^ ^ 

^ir - 4 ./a/U..<^b CX-VX) Cos 2 lP 

” 4-abc/i-,Uj)+yU,(^a+bJ\k+i; ^ 

_ - A-M. yU.,Cc^VQ.b-vlDXX-<-X) SinZP ^ 

4-abC«W-/*^p+AiCa+b/(^V<.+1) 

CiJfiri 

2t 'aajr ^ aaaa '1^ atmatlees |13®> aaA <237) ^iMit tli* neatm^ 
aat i^eaa ai^assas sr« asatlaaaiia* It may t* raaarlrsMS tlBit 
a<^aa2 aoi atrassaa will ba **»® at ^a amis af tfm aalar 
ma& w^meae mxm batii imf tba laalasla® aa maH as faar tba •aW-x*. 
fba sbM ataaasaa at t&aaa falata axa t^ aasdaiai aai baar 
a^^alta ama at msmrn Ma 1* aa ^i^c^taat raamit 



m 


uliiGli Gtfttos timt at tli« «fids ^ th« ©jp at©®? ax©** tlws 

fritteipal streasas ar« at m aail® of 4 - 5 “ to th« axoa of tfeo 
• 12 i.|i*«, By tl»« Imoirloigo of tita primolijal strosaos cap tlio 
MixlMao sliaair otrosi at tin**® potato § .TloMiag may Ba pioiietoS* 
Til® «ff®ot of shmr «tr®®s«s xapiily rmiuttm ac n® tm®el 
aloag til® ^tataxfao® f tb® cfnl.iE of tB® isajodp aadLs t^aupSs t*! ® 
«a^» of til® ^or aids* It aetaally tioeoiiKs aoro at p = 7^/4. ♦ 
Th«a it tacr«aa«» ia tli® ^poait® aoaa® at a alovox i?at®t to 
r®oeii tB® aaae aapdt^® at ttpa of tli® aiaor aicia* For aa 
taoloatca^ vltB oimiU ataor aictS|, tli® aagl® ^ ts attalaoB 

fairly a«ar to tli® tip® &t tli® aajor aicia* IBiao th® a!i®ar 
atr®08 Baa pre^osslaant taflaaa®® oa tB® ioforaatloa at tli® «iiia 
til® Bajcar axta* ftila oacplaiiiat for ©xaeplo, tli® tidUttlag 
•f foot a aotaally a«ea ia tii® fon^ticai of alloys « i^«ro tB« 
•Boarii^ str«as®a aro ■axisaM at tB® tl|M. pB«Bonaa<m ar® 

axtoaaixoly itna la tbs Utsratur® ca fliysioal ^tallargyt 05^ 

• la oltbar ^ tB®a® oas« 8 » aa t&® slip plMtoa rotat® mmf froa 
a 4-5 aagl® •••••*•• tbaa <® tb® a®tl®® oats* • 

i 

It Bl|^t B« r«iMfit®B tBat tli® Boop •trass will B® ancii 
ir®at®r la tlio aatrix ttiaa tlat la ti^ laelaaioa as b/a-*- o 
axaapt at tiMi aisla ot axaa vBwfa tbay ar® ®^®al to aaro* fiMi 
tatlo m» Itmm »tr«ia la aaMx to that la tti® laalaalea is 
itvaa Bf 

— Cc^'^ ab-V \o') 

o. b 



m 


fhm a«fativ« siga iaSleat#* th&t tlia 8tr««»«s will Imwa 
®piio«lte s^maw in ttia ti«» wit«pisl»* Portlier if b|a-»-otlil» 
rati® is «ppr®»isist®ly aiml to-a|b • Ttiis iaplies t&at mempt 
at tlia tips of tiMi axost ttw* feoop str<Mis«s in ttio aitrix ai^ 
the inelasion «r* aimerleally in i^e ratio 'Of IHfeo laagtlNi of tl» 
mim' and ntaear axes* P«ae* a|b = -1 , the lioop stress in tl»e 
aatrix is tlaree ti«is that of tit9 ineliisioK* 

Pnrther it tmyr h» »mm f riai tim esprefssiona for ta® li^p 
stress that, for 8iatrix» these are ei^er ooi^resslre or tensile 
in the first and tliird wdrants of the ellipse and tensile or 
eoi^^^ressiwe in the seoond and fourth «inadraats depei^ing npon 
whether peel tire or negatiwe* Eewerse roaitftES apply 

to the ease of inelasion* the Jnnp in the hoop stress is .given 

o'" - -A-MMiLcx-^^fCy^^yQ Smzfi 
" 4-ab(;^-;U.,) + /A,(^a+b}^(k+i) 


the displaoiHmt field in «ie inelasion is ohtalned hy 
pntting the val»«i of v, snd in the osinations Cl^)* i* 
regards the witrix* it U fonnd hy tim relation 

axx(^ « k (x) - z. 4>' C^) - Y (^) ^ 

given in eqnatien CSS)* ®i® Ihaetion 4>^Cz.) is itnoiin by oiaatoas 
C1S9) the fmo^ons 4>C^) and «an be dittoed by 

inverse trwssfomation of «ad G(^^) given in i^natlons 

(ISS). he sSwll not efealnate the ilsplaeeneot fields* In ^e 
Mitrix or the inelnsion* as It does no* reveal any inter^tiag 



s 

It wiy, b® tJtot tli« it«t ii*- 

pI&pt^MHEit In til® Ineliaalcii is t® b« aeasnrsd firo* Its initial, 
sis® (i.®., t %9 sis® li®fop« It m^mrgma tli® iton-alasti® 

fbm vmlm of \ C.X+ X) ^ Xl CX-^X) mmrmpmaim to mmm 
vala®s of aactal ratio o-lb , for natoriais liariiig aiff®r«it 
fc««jl*s ooflnlii ar« gir«a in taW® t« fkm foissc®*® ratio has 
hmsk taksn to b®, tb® sam to siaiplif tli® osieoiation* Is alriHi^ 
stated, «ir«i nAmk tb® Pifidsson*® ratio ar® ^ffwoott tb« f«MPonla« 
ilM} mj b® appUea to fHiS tb« •tailibriisi boia^arj. 

fb® otrato sii«np ia tb« iBOlaaioo i® fos®^ by pattii^ tb« 
rain®® of "v, ao^ i» •qwtioa Ci8S)* ‘Wl® is giv@n 

vv/ _ 8 0^ lo (x-^ X t ^ 

^ {4-ab C/A-y0.i)+/J.,Cci + ‘»)\lc+i)J^ 

iiMlarlyt tb® strain anargy in tb® natrl* is obtatn*4 fron 
;®tttatl®n CU®i is 

23^(tc + l)O^^Mi^^' ^ (<3L+ b)V + (OL-b)^^ ( “t \) 

[4-ab(K'iu.,) 4- ju,(a+b)^(w+i)j^ 

tim total snorgy in tb® inelnsicin wi mitris is tbnis 


+ + b)^k + C<X-b)^j3 

[4 a b (_^-xj.,) + /U, (^a + b)^( lc+ 1^ 

1%« ratio 1^ tlia mmrgf la tha aatrix to ttet la tiio iaolnsioa la 

Wvn - x^i{Ca4b/ k-V- CQ-b)}(,k+0 
4 - a. b /J- 

l^«ii ttitt rigidity nodolii of tbo iaoltisioii aial Matrix aro a^aal 
and tlt« Badaaoa'a ratio of tMo Matrix oatarlal is i/z « tlaum 
W^Wj. la giroa hj 


/ I ^ N 

(g -V- b) 

o.b 

aMeli atataa that tlia mm%y la tm i^trix la groatar tlMia 
in tlio iaaliisloa In tiat oaao* 

raamita giran la aonatloiiaCiiiS) load to aany apwadal 
oaaoa* iii«B t&a inolmsicai is oiraalar cx •=. b ini olstaia 


6b tlia ot!i@r hami If tiM ino^lnaloB la mhmMmt a»i b / g o ^ 

fnrtliar if t&« inelnaloii 1» rigid ^/u., {y> 

g{Ccx-^fa)Ct<.-n)~^^} CX-^X) 

• k. Cc». •vb)^-\. (_a-b)‘*' ^ 

- b {ca-»-b) (><•••*• . 
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In tlilji iwi# tli« iion-®lastie strain* in th« inelmsiiaa given liy 
r«Bain« iinalt#r««t. However the iisiti&l rigi^ feody 
rotation i» eliangei to C''i'i“X) is dlffornat frcai 

("^ol“X) • If the natrix Is in-eomprossihle k.=1 the valnos 

' of \ ani \ will t»eo4^ 

^ X = 

Zab/U + yU^(a?%B) 2.a.b/U- -Vyu^Co^vl^ 

Axt if the 'antrlx is rigid, the Inelnsioit rmeininf elsstio, 
then 'V, = o ^ 

Mm night 'oonolnde Hiat the ease vlina the lneliisl<n laader- 
goes s miN»»«lsstie psrtnrhstion, whieh mm. ho Iselstod as the 
sna of ^m priaeipsl Mid shear straiiis i*®#, of tho fmm 

fornllel to x*«xis and 8^^4-\x purallel to 
vj * 0 x 1 ** fhsn tho ofoililerinB hosndr^ry is obtained hy giving 
a disylaeeMsit to tln» hoondary of tho holo 

where tho valves of €., mmi. Mii aro given tho 

resvlts in onvatlcms (lit) and the olastio. fiold In tho 

natrix and tho ino^lnsion ean he obtained hy snperpoaiieg tto 
relevant 8tr«ss»strain field. ohta.in«!> in ehapters fXI Mid XX» 

far we have obtained so^vtions fm^ the problMi of Ineln* 
Sion, in othexoise vnstressed natrix* Jholnsion was either of 
spheriiml shayo or had a oirevlar or olUi^tio eross-sootioii . 

In the following fivo Spiers we disevss the nore Interestti^ 
and teohiii.eally ii^HnrtMst problen of the inolnsion. In natrix 
is otliofid.s« also stross^* 
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CEisFTm XI 

Epherie&l Xaelusiw in Hiitrlx 

*ghm effect ©f tlie external field applied to the aatrix m 
the atresgh-straia field and the *<1,111 lil«pia* fcoof'd-aify ma iig- 
iiossed hy lelielbj [. 16 ] • Xo this case he distiocttlslied tvo 
types of prohless mawely those of <15 tranfforsHitlcai of inclo- 
sioo pxoblest ( 2 ) inluMiQfwteity prolil«». 

of iiKiflasi«« probl^^sis ar® of the type Kdiieh 
v« have dealt with in prevloiss cluptersy Mt in l^helhy's 
analj^is the elastie eonstsfits ^ the iaoltisiaii are t %9 saii® 
as of outside mtinrial* igain aceording to hia tlm inli«MK»» 
giaid.ty is a ststerial hevliii elastie propearties different frm those 
of the oatside r^^ien in idhteh it is senheddwl. left to Itself^ 
it ersntes no stress field in the nsdinn* Mt if .exteimal 
forees are applied to ontside region ». the pressnee of the 
toheeeKmidty perterhs the elastie field* By Inyi'snioiis argn- 
asHits Sshelhy aeeo^ta f^ the pfiartnrhatiens of an external 
stress field due to inhoea^eneityy to the prohlea of trwasfev- 
notion of ineliisieii* Ihia nethoi appaem tm ha eenherscnie aiB^ 
does n^ easily lead to «xpli<d.t aolntioim* 

BerO' «e nodify the aethods mmeiated mid exna^lifiad in 
the previous ehspters and obtain explicit solutions for soso 
prohlem* further ve do not distir^nish so entiled 

ioheatefeneity end the tmnsfossiatlofi prohlens* dn ienlnsion 
^^n he and in fast .has been tahen to be ^ a aateyial idad^ is 
diff<^mt f ren t&at l^e outside laiterial m 0 t wmf mdergo a 
tfennsf omatien* 91ms it includes hom tm problems g€ 



• l3Bli«®c*«aelty * awl « tranafometim ©f iaelaaioa • as 
dsseritoad by Isbslfey, 

Tba witbcKl ecoslsts in findiiaf tlia dispiaeasaat at tias irnmit 
hmm4»Tf and ths itrass-stnatn flaW in# to tli# @xt«wial forces. 
M# t#i« titis to be til# free state of tbe satrlxt { as in this 
©oiidlti€*i we iuagiii# that the natrix is fr«# of inclnsiiat >. 

?h« free stat# of the natrix is ioiieatei in fig* 4. Xt nay he 
notod that the inner hemdary of the hole in the free state w^Ii 
he different frim what it was before the sntrix m» loaded at 
the external ri^ioit. He now irngine, that the inclnsiaei is 
present and tries to attain its free snrfaee* Beoanse of tlm 
■ntnal constraintst neither the inelnsien is able to attain its 
free surface nor the aetrix is able to retain its free state, 
there will im aan eqoilibriws interface i^ch will be different 
fr«M the free surface as well as free state. Ihe problwi is 
to find the elastie field in the inolnsicii m&M the resultant 
field in the natrix. 

eoefi^y In the inelnaicn is oalnalated. fron t^he elastie 
dis'plaecnents of its bonitdary fron its free smpfaoe to the 
eQoilibrim position. The energy in the natrix is calculated 
fr^ the elastie displacements whii^ it w^ergoes frwi its free 
stete to tho eqniliMw position. Thus the total enei^y of the 
snperposing systev is obtained .and is nininisol. This detnradnes 
the e^nilihriwi positicni^ fro# %dii^ the elastie field in the 
inelnsien ean be eralonted* As regains tbM natrix tin> ae'&ial 
streest stimSJi *b^ displaeennait field is ©bfedni^ by the 
si^rpositicn of the field doe to ^e pertnrbatioii of tho ineln* 



•ion mm tliat t® tli® fore««. 

Wm exemplify tJ» at)®ir® analysis wttli r®f«r«ic« to a soH^di 
spborieal Inoloslon eiib>®S^o«3 in a ecmosntrioy Unit® spiierieal 
region. Tim Initial railns of tibt® Inolusion is a • It tsndia 
to mnlario a diiiiwfisional eiianga to a oonoantrlo apiiara of 
radlna a. C^-vS) In thm al^anoo of t!io anrrotin<Slng aatrlx* 
tiia otttar raflns of tbo matrix ba b • i aalforsi racial 
prassara Fo la appliai at tba enter snrfaea of tba matrix* 

sF^i7:etry aoBsliaratlciiSy tba aQaiUbriiin sliapa of tba 
iaolnsien stiall ba a oonemstrio spbara of radios ex (^i-vc^) • As 
far as tba Inoluslon is oonoamady its alastie boundary dls- 
plaeements ara q.(_£- 8) and tr&m eloisentary olastieity tbaoryt 
it oan ba sbosn tbst Hia strain ooeponants ara 


(C-S) j ^ 

and tba illation fiali is A • Mm mm thm mm 

notations fov strassea and strains ms wm snai in inrinFions 
chapters* ly tba stras^strain relations (10) > so got tbo 
stross ooi^enants to bo 


sboro k, is tbo balk aoinlns ^ tbo Inaliuion natarial*. 

Tba strain energy isnsity in tha inolasion oorrasponiing 
to tbo abosa snntionai atrass and strain# ©an fea mslly mlnatai 



this OT«r the of the sphere of railas ol 

it is see® that t|i« strain laaergy in the inelmsieci is gieea 

hy 


Wj a G ^^dK^Q€.-Sf . 


Ci40> 


Xn the ease of the laRtrix, we first of all eonsiiler it 
separately ttm the inelosiett. It is smhjeetea to a mifoni 
ra<3ial pressure P© at n»b • ' from el^wntary eltstleity 
Ihec^ry |js] « the ra«liai hoop stresses for a spherical 
■hell wder wiifora are of the f&rm 






(141) 


and the ahear stresses are sero. The emstioits A and B are 
€etef®inefi by the hmmAmrj ©oinJitions at iiaair ani oater 
bom^arles* It = cl, id s. o ss tl^ teaer b©«w^ary is free ^ 

•hK 

e*te»al fieM an® at JJgt— Sohsti toting 

bomdary eaa^tieaa ia eqimtieos C141) we get 

A - b ^ . 

Ck^-cO Cfc?-cf) C14Si) 

The 4isplae«a«st fleli ia astrir floe to 
b. .bUlMd bjr th. r»Utlm brtw»n «d .tr^. 

aag strains sa4 gisplaeeacBts* It aay be shows that tl» 
iisplaoeaent at asy poiat is radial «ii is ef|Oal to 



-Pka 

ECb’-cS) 


oiYttv; 

2 /t> 




(I -2y; « } . 


C143> 



7S 


•atrafiM?®, if cx €, is th* ^ = cx- of Hi# aatrix 

4m to ttto prosturo f? it is givm hy ol£^^ i^oyo 


f = -5gV^Ct“ V) 
' 2 .H. C^'- of) 


CX44) 


Iftit MO observe tbit tb® ofollibriias bom'L-a.i‘/ is a spber® 
of radios cx (_i+ e) • Hitie® th« displae®ii«it at tb® iBil®!* 
bo'j®“v^y Of lb® ustrlx is ftm * t^®r« of ratlins a(i + e,) to 
aaotfeer cf i^dint a (.! + £)• W® tli«r«for«i hmm tii® boimdary 
ooodltlcmf of til® sap«rp©stn,f systaa in terns &i tbs displaeo- 
®«it over tb® inner fcc'aaj'sry aoidl str®#s®s at th® ont«r feomsiary 
to b® by 

^^.=’ Ci(€.- €,} at > 1 = 0 . j p =.o ai H. - h . 

(146) 


Siaatieiia (1^) ar® again ntilisai to i«t®ni4a® tb® atr®as 
fi«My tb® oonstants a B tNiing r®pIaoi^ by a, and B, « 

Tb« dlsplaceescnt in terns of tbas® G^astants is 




CI46) 


to satisfy 1^® boundary oeniitions (146) tb® oonatants A, and 
B, «r® given by 


(€>€,) E B _ ^a^C€.-e.) E 

• b’o+y;+zofo-av; ^ v;+2d?o-2i/; ' 


fbns tbs stress®® and strains svsrjn^sr® in ^ siatrix» dn® 
to tho sapoiRpssdJig syst»ii is ImoiiBb j^mtion (4^) esn. be ntilissd 



7 © 


t© ©«t«r*da® til® mtwmiM rniergf wliieli is give© fey 




( 148 ) 


Xiit©grating ©qiifttiim (14S) mmr tim YoX^oie ©f tli® m&twlr ma& 
«ttfe«titati»g f©y A, muS B, trm ®q©atioiia (147) w« g«t tli® 
stYmi© mttrgy im tfe® mtrtx t©.. fe« 

W « AT^Cb^-a")ct^E.Ce 

y) + zcf(.'-2 y) (14») 


TImi ®lA®tie strai© ©ncr^^y ©f inelaaiQii aa© mtri-x ©f 
til® Mjmtmm wbittli is 4istarfeiag iaiUal ©onSiticms isy 
tli«r#f©r®, fro* ©fuatioiia (149) as© (14®) 


w = W/^H* W^= 6 TV a K (_e - 8)V 


b^C»-'‘'^)+2.O?O-2Ll0 


(IS®) 


Itliiiiidsiai w nit* r®sf®«t to € § w® ©fetaia tfeat 


3K,(b'Ci-t-y)+ 2cx"( 1-2 y)} S + zC^-d)Ee, 

^ ^ 3K,{b\i+y) + 2a^(l-2y) j +2 ^ (l«l) 

£, in ©qaatioB (1®.) is givi® fey (144)* Fatting tfeis 

vain# in tli® of £ t «© ifritiag 3KL,(»-2y; =*E, • ws g^ 

^ ~ + 4.2.©^C ^ ^)] -^2. C'®‘” ^ (ISS) 

in® racial lat© li©©^ stp«is®s in itis witapl* ia ^® «®«feiiMi4 
fe® fey ©Qaati®®! (141)* tli® iwsnstant# feois^l 


syst«tt mm 



7 ? 


A ani b' iMefei ar« fey tim 

follo%rliH feosmdary emAltlmn^ 


LL^= Q.eal^n=<x> p e-p at 9t => b 
tiliere € i® gtvta fey aqaatimi (I®). «i«refor« 


( 1 ®) 






>4» 


(lSi> 


^"lier© 


A , -Zc£):^(l?Ct-2X>)-<-E€] 
{ b* (^\ + + z C3?(i -a j 


B - -i?b^c>-«-3^)-v-ac:^E-e 

iiradi tfefe ^l«plae«Mi»t fiald i®f 

frtm C3LiS) itM} tfe« valiMi ©f Hi© siamii tty©*® ©t 

9t «= o- i* 

E { b\i+ V>2 a^O-zy/j +2E CbVof) 0-2)i) ' {3^gg| 

tiM ©©IIM ©r pX in ^ In©liii©i®tt ©t 9e » a is# ©tn©«i«iw 
(139) md (I®) 

~E,[eeS Cb’«-<x)4-5gb^ C<~^}3 . 

E{b’<.l + l'>2^^O-2.Vj^aECb*-<i)0-aa,9 (166j 


i^festiw tim^ am (iii) PMwr® m® *tf©«» arnmmtf wma^m- 



,y be seen frm «Qiiiiti€«» Cll@) 

: € =o *iii K=K, (viiere K Is tim imik i 



Cl4PTiE til 

CyMndrioal Imlmlm ia CoacmtPle StTO««d Flait# mtrlx 


7 » 


th« a«tlM>d[ of solviag iael^slm prohlem oxplaiaedi ia 
pTBWlam laismpfmtf is sioftoi tiers to solro a ey3iJ»iri©&l 
iaolosioa ia a ocMtaeatrio stressei issitrlx mi^ar plma» straia* 
loro no ooBsider tvo oases It tlie Matrix wider wiifora pressure 
2) ttie natrix wder imiaxial twisioii. fhe reamlts of the 
seociid ease oaii he ased to olitaiB solations of different types 
of stress field hy a little siaiiipalatioa and or saperpositieii* 
the ahl^eviat iotas aod aotaticws teuied liere are the aaae as tiiose 
ia. ohapler ?| for oirealar iaolasiaa ia aastrwised aatrix* the 
radii of the laitial sise ^e iaolasioa is cl aad ei the 
free sarfaoe « the outer radios of the aatrix is b * 

lie aow eoasider ^e prohlea idiea the presaore at the imter 
sorfaee of the aatrix ia the first ease is assoise 

the eqttililspiaa hoaadary tobeaCi+€.) • Asia ttie mm 
Sj^ierieal iaeliuiifla, the straias a^ dilatioa ia iaelasioa 
are 

A = ac&-6), 

idieaee the stresses , are , . , 

, a«f) 

aad the straia saergy ia the iaelasi®! pr oait heti^t is 
^ a (^K^r >u.) (^€-8) 7^ a?' . 


cias) 



f& 4mt&min9 tfe« strain la tlw imtrii: m imv* tn 

^•taridiift tl^a ilsplaamaat at its ian«r bcan^Sarj Sna to 
prasanra R • flt« atrasses in a elrealar liollflnr fiylia4ar 
daa to a naif ora; norMiI proscaro ar® of tiio fora L43 

^ ttSB) 

lAoro A an^ ■ B aro ooastjimts«i thmm ar« ofetala®4 froa tiio 
Iwmd rjr eondltioR* at9?=a.cotiejie Kj^oant at9i=b t^hete Tlioao 

aro giiron by 


A - 



C.b’-- o?) 


am) 


Fiadiai thm valao of e„ by tH® atrato-atr®#® rolaUon 

-k [ p„- « (P..+ ?,) ) • 


ani Botinc tliat at tin® i»a«r tona^arjp e^= 
ottaia 




(I 6 I) 


iflior® aa® liaa l*®«ii imi 4® -of tlw piano^-atrala ooii41tloB lliat 

^ C P..+ R) 

fli® iHWBdary oon^ltloii of t&® aap^ffotlag aj^t®* la a 
ais«(l on® i.«.t feoaadiary 4ia|rlaeM»to ar® pr#aafifee4 on «®« 
pKft «f fti® aarfa®® tl^ piMSsans*® on tn* otnnr» Sa ta® 



m 


Ctts#! v* fanir# 

a\^^=cXj p=o a4 “H^b 

am 

Wm •%»««• fl«M da® to tli®@® feoiaifery CEoaditloas* feoliag 
fwtffoetly «|«»itrleal, can fe® walaatcd frc» «qmtlciiiCX{&)* 
i^mr® to di®tiiifal«fe tli® 8tat«.of stress and displacaamt 
ftoJLd fTcm tltet of th® frm stat® alr©a«!'y defined on page 72 1 
constants A and B liav® been replaced hf A, and B, • 
file displacenimt field eerrespondiiii to tiie state of stress 
given bj C1IS0> (and constants A,B replaoed ^ A,.B, ) sill 
be 

am 

By i^e boiirjd.<ir|r eonditions CIS®) ve get tbe constants 

^ _ -2i, ^j) g _ 2. /t*- o?" 

* ‘ [k>+ a*‘(^i-zy) j 

am 

1%t@ strain energy detmity <Kf tbe superposing systen in tbe 
Matrix is 

vtelell vbea inti^rated over ^Kie ares of tbe witrix yields • 

^ ^ 2XA.Cb'-a)C€-€,j'ACe 

f bVa^C»-2^^J>J ^ 

CW) 



t&t&l MtvmiM mergy ©f tH® sjste* dittuflis thm 

initial eanfigiiratiisn is 


W W -V W. = Q.Kct 0-) (€•- €«) ^ 




( 1 €«) 


linatiiif dw/dc to ssapo astdl soitring for € 


t wm g«t 


€ = C { b%- CL 0-^ y js + M Cjo- a) €, 

C { b%C3L*(^> -2 j t 


Cie7> 


Stt^titntioB for Ej f^0« ^aation (Ifil) in ^nation (li?) 
fioHs 


e - CVA)fb%a''C>-axO}S- fgb'-Ci-y; 

j C b’*- cf) 


Cl^) 


7b« strsas fi®ld[ in tn® inolnsimi isy tbernforo* nittain«4 
by sotting tliis ral^ of £ in oquatioiisCl^) sni is 


p_p - 2 . S + FJfcs'O " v) ^ „ 


As rogaris tlio aatrixf tno stross field oonsists tin> partst 
1} t^t obtained by patting tlie raloos of A t B fron 
otiMtions (1^) in Cliil hanging tiio oonstants A , b 
in otaatiens (IM) by A , t B; and patting tn» valiios of 



(a,, B) fww {1€4)* iMf '©oapra®, w* siialX 

•jqprttss € , la {l@4} fey tfeii^ir valiuMi to aqaafeloai 
(1^) «!i«f C161). Tlia *ttp«rpo»itl<»i of tfeeso field* gi^oa 
%lta eorroet atate of strata to tfea i^ttla. It can fea raaiily 
abaiai by alaaaotary aaiaiilaticaiS' that la aoatiaaoaa at tha 
a^iiferioa latarfaea* 

It aay fe# rtaarkad that tha iaelasiiai has midargoiie a 
diapIaaaiaiKit cxc ( e glaaa by aqaatloa C168) ) frm it* 
iaitial siaOf so also tha aatrix* Binaa ia tha aasa of 
aattlz tha displaa«Mait of its iMtar b^adary ia raaahiag 
thS' fraa atata is a c ^ it has furi^r awSargcaia aa additioaal 
diiplaemiit by itia to tha rmmtlm of tha iaalaslaii. 

<^a displaoaaaat at tha intarfaea 1* tharafcKra tha rasoltaot 
sad is o. c » thas prow'iag the oootiaiiity of displaaaramt at 
tha latarfaea* 


As tha saaoad axaapla no eossidar the oasa of a airaiilar 
inalosiim in an infinita mttlx rnider miaxial taaslm T> (say 
parallax to x^aids)* eonplax fimeticins <^C^) and ^ C^) 
for an infinita plata vith a airanlar hola imdar tha aatiian of 
X, is Imofoi [11^ * fhasa ara 

” X c-l + #) > t O) -t - ^0 } ■ IM) 

only non-ranishiag straaa at tha feom^y laf Wm hola is 
.' tha hoop stross' d«iwotai fey giaan. fey 
1= = T„Ci-£ Cosae; . 


<i?o} 



Tli« dlsplsectrv-Rts «t tfe* feonadari in# to X, 


ul' 3ToC»-^3o> 


= a. e. 


U' - 


2 ./^ 


=- cx C, , 


cm) 


iii«r« 

^ 3 T.C^-^) -T>C,\-^) 

' 2 ./^ ^ ^ iT/Z 


<17»> 


Ho now mssoiie tliat tli« f^niULlnrl'an toomiiarjr nf inolnoicn 
and natrlx i« on olUpoo of s«nl»oxws a ^ n- £,) and o- C»+ * 

Hera wa hawa introdaaad two w^mm, pmwmmtmrw 

wa 8^11 datamiaa* Vm Mhaill twttUmr mhmt th»t aatiafjr 


all tna rainirwMiita at tlia i&taafaoa. 

flia diaplaaanant* atraina» atraaaaa and strain anargj in 
tHa inalaaioB ar* raapaatlwaly. 


u. =. C_e- S,) X , u,= (e- S) y . 


(m) 




-J^= O , 


C1T4> 

X^c-zS) \ aA(^£-S) . 


cm) 



m 





€.-S)V 


am 


As T*$»T4a thm i^trix, «Im« t© tli« xsactioit of iSm Im'lmlm 
t!i# i^is.T^laeeiBGEt at t!ia liola it 

C^r Q ^ €p y , (OT> 

and sli^id tntall no atraataa at tba ontar bcntidtry* Bila is 
again the sotond tmimmmtAl pmhlmm of oiaatieitjf ttioorF* 

Mkkinf aso of tba fepping fanotiai z.= a^^ t and follcwiiiai 
the iMittiiOd deeerihed in <^pter VI t m gat t^a strata fmatioiis 

< 3 C 3 )=^ 3 -BS, 

vliara 

A = {C^-€!j)-CV “ 2^ ’ ^ =■ CiW 


flms tha strassas aisfr*ipoiidiiif to tiia toowadary aoniitisn# 
gisan In aQaatlona (177) 

^ I^AC^cosae-acosae-Q-Bkcosae^ ^ 

A (^l-2-Cos26 “2. Cos 26 ^ -v* Bk, C6s26 ^ ^ 

|^- 2 A Cos2e S;n26 + Bk Sx\» 2©] • 


ak 


(I7i> 

If eslattlatliig tba woiii ions at t&a towdary and yalatiag 
It to ^a atwtlii «aarg|rt ^ aaals^ta stmla anargy of ■ ■ 



siiiLier posing ia mtTi-x. to h» 


w - ^ 

ak- 


[(.k.+i) (^£- £yvcv.+otvi)+aci^-o C£,- 4) 



C180) 


Hina tho total strain ^©rgy diaisfins th« fr«@ stato of mm 
natriie is 

w =v.(^+>ACr -^|\(^£ + €-aS)\a/.[c6,-S.)+C«i:^)’] + 

^ { C'^+9CV«-'^^CK.+OCe:<)^ack-OC6.-6X^c4)3 

Ciai) 


for w to )!• niniwW) w« obtain fron iHii^tiea (l@l) 

C = ^ C\'^Md &i{2-^'^\-^/'*>Ck,-*-i) }•*•€,{ ^,CtC.-"l) - J 

CW) 

ftttting tlio vnlnos of €*, ai^ c'^ l^on otnatim (172) im 
ofimtions (18t) ITS obtain 



a, 8 C k,-vyu,) Cm •»A*;k. ) S -» C k-^0 { 3 A M,K. -v a Ck,-v yu.^) j 

- 8 S -V To(,k>.-^0 [/^ik-a C - M i 

8 CM4/A.,k.) 


(18») 


It is non a nattor of ainfla snbatitation to prova tba eonti» 
naitf of ^ noranl an^ sboar straosas a»4 also tbo diaflaeo* 


wmt» fro® initial aia@ nf tte« inaliisiiM* 

fh« ©f th© Inelaalfn aatrix 

%&«!& th« inelualcia la «f^trie«l ©p eylii«irt®ai, lie®© 

hf first i©t©r»iiiinf tli« 4ispla©®Mit at tli« 1 m» 1© of 
til© iMtriE ia© to til© initial stross fi«M in it* It mf M 
notod ttet ttiis Sitpla©©iM«t at tli© inn«r tomiiiary n««S not 
n«©©ssarll|' ti© i»© to an ©xioitial fore©* a iMnideS inelnsion 
in ©noli a ec^iiM pwmUm aiiitisiial eo®©Ue©tiQns* For 
, if an inslasion is <®sM4«di in © oatrix liaising a 
^iffwmt eo©ffiei«nt of Uaear ami tn© ©ysten nni^r- 

(0©8 a ©hang© in t«ii|»«ratiir©t tn© r©snlt« in tfeiis ©bmI tli© 
provions 1 :^ 3 pfc? mm im atilis©^ in i©t©f«inini tli© ©iasti© 
fi«M* ttos tn© aetnod suggests an appreaeli to solv© 
min© prf»ni©ns of eenpotit© ©©eti.©©©* 

Ineidanl^iiir m liavo «lit©ia©d lai© ©olatioii of a mAmmA 
toiinlary ©aln© protOan of ©lastieity tMmy, i*«n tn© it©plne©^ 
nent® ar© givia on a pirt ©f in© bonn^^ary aisi tn© ttaetion© on • 
tn© |»rt. tn© solutl^ms nas© n©«n ontain«d» f®r 

i) Spkntieal ©H©!! ii) 0yllwlri0al sn©li anion ©r© do«niy oobb- 
©et©i* tn© ©oiiitiMi© la tnww ©as©© nr© wy sii^l© tims© «f 
p«pf©«t synnotry* Iten© iat©r©stlm ©©salt© ©ni^ nan© diront 
tasrinm to ©nginMiFipl pponisim ean n© datiwtd. fron tn© i^litti^nMi 

oMain®!’ in tnin ©nd prealoas ^pt^* Soi» ^ tn©*© «»• 
in mppmagm If . In tn© na«t ^ptor a© ©cn^ier lai© »*«p« 
inportant pronian i*©*i ©lliptie ineinslon in str«88©d natriz* 



cmpfm XIII 

Elliptic $A fMtmming Matrix • irtaelpal itrala 


W® |}® scmecmed idtli tli® pr®fel®a ©f a© iueinsii^ la « 

itttrlx cfeTorsied by tli® appHoatlmi of a TOttfcwa taosll® #r 
e«»pro«»lr® stroa® at Ijoflaltyt •atl®* a ®iaistaiit asgl® ml^ 
mxl»« For ma It la isocessary to solve te© auxiliary problm 
1^1 ob w® ©onalder In tbla and tba next ebapter* la libapter Wf 
¥o aba 11 ecwibla® th® raaalta t© aboa b^n# tb® stress 
dlfpla®«a«]it J^elda la tb® lnolasl<» ai^ aatrix are affectad 
da® to a spontaneous obanc® la tb® laelitslcm and an applleatleo 
of an •jct®ffial fore® fl®id applied to tb® aatrlx at laflalty. 

Censldar m laflait® alastle i8@aiiis! wim m alHptleal 
eavity* li«t tb® boundary of tb® bol® undergo a dlsplae^MMiit 
givon by 



Cl®«) 


ffo noroal «id idiMirtei str®ss ara applied at ^ boviaibiry of 
the bole* tb® displaoeaoat give© by ettwtioii C18d> weaM give ^ 
rls® to a striws fiald la Matrix* £a partienlar tber® aoold 

■4 ^ 

ba a bo^ strwe at Um bowdary of tiM b^* 

CaBaid«r aoir that la plaee of Idi® alliptleal «ivltyt Umoni 
I s aa eilipti® laelasioa t«^bif to ii^®rgo a diaplaoeaiat 




iim} 


la tb® ab® 4 si®® of tb® oot«r aattrial# tb® mti4x* Ibis ®Sltptl-o 
rtgloa^ is of a ibitarial dlffarast ftm that of to oatald® aatarlal* 



m 

at !««• tfc»t If asi region is 

in tls« iitfJbiit* iMNlinn witb pwrfeet hmin^ ^hm the 
■wite given eqgatieiie (184) imeli not he peeeiMe* Bemuse 
#f tHe preeenee of tlie inelmsion a stress field in tlie natrix 
differesit trm tbat derived !>eoatt8e Bmmdarjr displaoiHmate 
gi¥ 0 n in eqiMtiiata (184) ifill Be oBtaini^* 4 stress field 
would Be erested in tBe inelusien also. ^ also oBeerve tlm 
reverse ease* If tbe natrlx does not tiwi to undergo- tBe die- 
plaeesMeits given By (184), Bat tBe inelusicsi t«ids to undergo tlie 
ilsplaceiEcnts givsn By (188), a stress field is erested in tl» 
inelusien end ustrix, this latter case Bas already forxed 
subject ■atter of tBo uork €em in eBapters ?II to X# Mo sBall 
tBereforo oonsidor tBo proBlen foranlatod In tBo ^rlior potion 
tBia peragraiiu It nigBt Bo Bowever, tBat idien tBo 

natrix undergoes tBo Boundary dlsplaeiiM»ts given in (184) an 
elastio floM is ormted In tBo witiix. But tBo tnolusion 
undergoes tBe dlsplacenents given By (188), strwises are 
developed into it* 

e^ttiliBriun Boundary is assuned to Be an elUi^e iftose 

•e^UmiJor and senl^ntnor ax^ «po o-O^^) ^ ^ 
nect.lvely, tlio ev*p reuulnlng ool Be ident litB IBs ini.tial axwi 
of me Bole. tB*M tn tBo e^uililwiwi position tBs Boundary dis- 
plaesnents of tBo Bolo Bavo Been Wten to Be 

a^= • (188) 

We Bavo introduced tm w^bwhib par^ters g, , Bavo 

to Bo dotondEaed. For this no apply tBo netBois alrmdy diameed 



In pt^wlmm 

||« nmr proceed to ewalmte t&i# »tr«ia «i«rgF in tlai iaoloiio®* 
the elAstle dlsplec@fflant e<Mft|H»e»t« of inolnsieKi l»oiiiiMiai'y 

fro* its froo sorfoeo to tho oqullltrlw hcmdmry &r« 

u,=: , ^J,-Ce;S0y- jia7) 

For tiio siEplfi-eaEineoted flolto rigioOf tliis also fives tli« 
disFluoosMint field oeeryidiere ia tfee iiMilaeioii. ftie stralae arot 

tlterefoyat 

<S = Cg-S^ ^ <SvJ^ C^^Sb) ^ ^ 

aad tao oorreepoi^iag stroseo* are 

X,Ce,-^€rS.-Sv)-vaM,C€^rSO. 

* o . 

fk9 stial* eaergy i» ^ 

7^ Q-b l^x r £■» €-S'S^ -v g ^ j ■ Ci®®^ 

A( r«(«tte tfc» •lll»*l« lio«md«ry «f *»>• Mteis. It my 
B«t«d tluit tt t«l4» *• an*!”*® » ®l®pl««®®*“t lt®«B tT (1M>» 
VlMTCkr lt» W« to b® o-O-'^^ » bC'+^v) • *“ *1" 

M*.l P®.1«» th. rnm^T U th. • 

.». aO^C.) , bO^ci- Tb« tb. e«-P««t, 



irif iibM ho-m'sTy of tli* WNi 

Ce,-^ ' 


u = Ce^ Sl) y 


€.-s: 


a -L 


C_z.-z) 


(ISO) 


M« nmy r«aaflc that this is again tha saesoi fwiainRitai 
hcwiSarjf imlaia |Hr©hI«« t)€ tha elassiaal alastieltir ^^aoary* Hhiim 
tha eissplajE aayiabla taelwiQaas alraa^y aiiwaiatafi 'In ehaitw 
fl and «5xespllfi®d 1«. chapters ?II a»S IX t and fortiiw noting 

t \ 

that wa ahotild m# tha aitpXa«»t faranatara and 


in placa of £, aaad in aqnationa (10®), wo obtain tha c»plox 
pottatial fmatiiaia FC^) ani GC^). ®»aaa hawa tha am 
nesning a a fiwan in chapter ?I# Fron tUs^ raaalta in atoftar FII, 

va obtain ^ 


wlunro 

A=.yu(<xCcrS:j-‘=>C£r^>)} ’ B =/*{o-cc-<>^-bCei:^] 


i%m} 


'fhaaa fwatioBa dat.aiPidao t^ alaatia fiald awarfidinfo* 
Iha atraaaaa at tio feoandary of ^ will ha tha 'Sana aa ^ 

WtOtlOM { 100 ), •«•?» t>»t «■• MUtaBt* A Md B *IU tow 

tha walwaa giwan in aqnaticna (lit)# thaaa atrassaa arot 




Cos26-6fnVfeTni?^^B-m^2 .) Cbs2 6 -i-CzW+3-»tv-vZm-l)j 
cosaa-v^)’' 


t 



4 - ®. C•v>^~ Cos 2.6) 

^ Cos SQ + \) 

A |(4'm-a) Cosae>4-(Ta?- G-mS 3im~a) CosZe + C.2-^-3'nvVa'm+o} 

(yr^-zm cosas-i-i^’’ 


B Cyn-CciS2.&) 

C^-aYtv cosa©-vO ’ 


^ A (3V(V“Yrf-aCos2.6) S\TV afe B SsrtZB 

R (_'XY\^-2.vft. Co s a6-v\) 

C1S3) 


ITsiac thmm ^mlnm of •tpossoi i®d tjouncfarir 
til* tirmiit «fi®r«y of tlio distorUiig 9f»tm mm hm mmimlrntmA tey 
iotoraiitiiii thm imifc do«o «• la ^pt«r TII rojAtlug it to 
tlio otifiitB oBoffy. if tor sooo oli^lifleotitmit ^ rn^iM m# 
f train energy W-h, in ttoo Batrii; to l>e 

'N„= I^C (-v C^r^’+ 

4-2.(k.-i)Cfe:S;)C£.-s;)3 

(1M> 


Ifeo total. otmiMi attorgy tli# s«p«n?ooii^ oyntoo to# 
eQ,natl€ifis Cli&l <1M)* 


^7tn.b f Ck-^vQ j cIlQ£-’^^*‘ +2.^1^“') 

ak ^ 


cmi 



m 


th# derivatives w ifitb rasiiKi^t te 

e^afii €2.t® mm giv«« tii# f filming tm «qiiiti«ais* 

[t C.S-^C'^'*0+C€-s;)(k,-.)j+^|^ (^£_+ c-^-S^+a.CC;^j=o 

^{■ 4 -CvsX'''^ 0 Ks- 5 l)Ck- 0 j+M,{^ (e,-v£-S^-S^+aCei:SOj = o 

am} 


Solving for €1, and jrlolit 

b/A(k-+\) +4*/A.,k(^X h-Ajs) a->|fL a ( k.-») j bS<v 

-V XL A|(_k-A-») b~ C K,-0 (xj bSj;V cx/jl b/jL-A^b(^K_-jJ) 

-\- Q. ^ Iv+V) ^Xx2,/tA^ S+bytx|^ ^C^'’0 C X^ ~b 

£= 

' 4 -ab{^V^,kC^,-^A^()J + \y^{C«^+b;V(a-bjVj+aMM,Ck+i;Oa \63 


€= 


2 


|^a.^(^k4i)^X+2./x) 44-/Uk.(]X4yUj) b-X,/xb(k-0j aSj^ 

■+■ 0 ““ bj aS^-vt>/x| 4 cx^i. — 

, a ( k -0 ^ b C k 4- ij ( X 4 ^ /a) j a /JL [ b ( k H) ( A + 2.yu^ 

{ A^-VM.k C A,-V yU.) j 4 AyU {(a4 b)% Ca-b/kJ 4- 

^AA,(k +0 



fhoso rooiilt* olioald *ati»fy tb# ©action ^ eoatimiity 
of tho aormil mA Akmt otrosaoi *1 tb» iat«rf»ee. »tr«#««o 

mtli the bff 




-I 

zcxb 


A ( ol - b) 



A C°-+b) ^ f cosa fi 

k. ^ aiab " 



t>_r A(<x+b) 
_ 

L k- 



aab 


cm> 


wbftr® til* ®4MMtasits A an^ B afa dataraiiiif^ tsjr sal^titatiaf tlia 
¥altt«a ©f e, aii« fro© ©fiuitioiis (197) ia ©qaatloits (Itt), 
7li«a« ara g&vaii 1»7 

ab k,|^{ z.aM,C^ +M) - + a /x/A^b] CS.- 

- -vX.XA.CQ-b) -vt/A^a] CS^-^1)J 


A- 


4 o-b I /A kCX,-Vfi)j .V X,/A [(^a+b)%-Ca-b)*l^^ayUyU(k,+9CQ-'^^) ^ 


B-- 


afAabQaaAA,(^A.'V/u.)lv+ X/x{^a^b)-va/A/^b3 
^ I abyu^(^XA-/A)K. -v X/ACc^-^b3-v-a/A>Aa] 

4ab^/>A-/LA^K-C^;'‘yQ') X,/x|(a+b)’^-C<3L-b]fkJ + a/<A/U^CX.''-9C*^‘''^) 


(at9> 

*ha li©oi> at»a»aaa In ti» iaalaaioii asi aattlx iiw %® tSm 
affaat tlia <lefo»itl'«ai af tlia laalaaiaa. ara 


r-%ir 


2La.b 


.V BCa.b)]+[^^ ^ BCa-b)]£^ 



_-\ r 3ACQ-“b) 

2a.b k. 


_BCo^+b)j-j^, 


3ACo-+b) 



Cos2.fi 

ao-b 


tm&> 







mkmm xit 

rillptic latlatlc® la Pefomiiig w&trlK - mmr Stfalii 

CoiMiWar m alllptle lial# la lafialt® 
boundary of iMoli miorfoes a itlsplAooBmt 

u,= Yy. d-'Xoc . cm> 

Tiila disflaemat fivoa ris« to a strata fiald in tha oatrlx. 
lat In thm Initial aa<lafor *®4 alliptle liola an laeiitslaii t» 
anbaddaidy afelob in ttia absanoa of tba laitrlx vonM WB^mrgo a 
non^alastle dUlsplaaaaaat 

u>Xy > 

Saaansa of tba ntitiial oanstralntst ttm Initial elaatla fiaM 
in 1^0 mitrix is dbaagai ani an alastio fiaM is in tbo 

ittolnsion also. ^a a^mllibri^ bonudary idt.ll ba 

difforant fron ^osa fiaan by m iWS&h Urn datart^Uia 

tlMwa in tbis bbaptii*. 

lot as mmam that tkm aqailibviaii boanilary la <^taina€ by 
giaiai a iisplaaoMt 

to tha ismmw boandary of ■otri»« Iha baanfary ^tastio iio», ■ ' 
plaearat of ^o iaolswion frm its fwm si^faoo to th# 
oonilibriim sarfaoo is gio« by 

u,= cvx)y j i4=CV^>)^ 

®y tbo foot tb* t tbo inolaslen is sii^ly OBWnootog msM fiailo 



iw&) 


viifix'it tlit( GiaBitaEts A^ anii B, fimr f;iv«B bjr 

A = ^[bCV-i)'^"CvS)} , B, = ^{a(:v%)-ba-t>] ■ 

Sttviaig ®bt«iB»d th« ®o«pl®x pot^^tials FC^) m& SC^) 
it is slapls to sfVftisftts tbs stress flsM sssr^ml^rs. Im 
psrtiomSjir tbs stresses at tbs boisidary sf tbs bsls are 


A,{C2+3Tf\^^Yft-^)- aC2^-V-0 Cosae] S\n26 

B| smaG 

w R (^- 2:m Cos a 6 -vi)^ 

R (rtf-aw CosaG +•') 

2 ,\y?-- 3Ta + 2 ) - 2 -(avYv -v) Cos ae j Sm a e 

B, Sm ae 

-i - - - 

kR(m-avft Cos a€> ■v\)^ 

R (yii‘-2yci GbS a© 

_ A,{2.Cosa6-C3^-VT^)Cosa6 + C3y<t-\) 

CoS a©) 

^ . 

W.R (y(^-^yr^ Cosa6 + 0^ 

R ^yy^a'm Cos a©-V'^ 

cmo) 


Ostttg tbs olsfNijfrsB^s tbiwsps*f it ews bs presstf by tbs ■stbsd 
fMmmA im diaptsr IXf tot «be strain eaergy is 

w = A", ?-* ;- f ck.+o-^ 

" a k I 

^(^k+»)— im. 

fim ttol stol» energy in to natri* m& to totoiiai 
ion t© toi speotanscHis 4 lsy®i*ati®n ®f t^ ini^nsisn is giran 



m 


T^ab r/^Ck.-v\) f . ^ 

-J— ^ -^X-VD i 

+ CX-t)C\■"0+/^C^,-'X-x-"^.f] . 

lOniiiiistoi W ifitli r«tpeet to and wo Olitoim 


cut) 


^ ( Ca--b) + Co-+b) b] C\^>->^)-vVbj4a.u.+^^{Ca +b) h,-(^a-b)^ J 

4-/ji.ab b ^a -v bjf'j 

^ b-Ca--b)jCV^Y>54'V'a[4b^-^A«.^|CO-+b)b+0a--b)}3 

^ 4-^<xb-VxUj|(^a-b3-vk.(o--vb)J (1*1,9) 


Th# ▼«!«•• Of tiio ooi^tABto A, I B, » ta tl»i eoa^lox 
fimotloaa of oiimtloiio (SOS) em now feo o^taUdoi la to»*» of 
tlio ^noMM iiaiiititlos by •abotltatliME t&« valaes of >, t X 
fro* «qa*tAo«* (US) to <S09)* 

Mo In** itlll to pro** tb»t tW* witlsflot eoetliailty 
r 4 *iiilroMtit« of laio norm! m&A ^w«r otro**** *1 lat^iEfa^t 
mad * 1*0 of Hio diiplaooaoat** fb® aoraal «b**r 
la til# i*Mila*loB •r* ©btilaoi by flr»t .pittlag tl^ tala** of ^ , 
\ la rnmticns iW§> mA thm aoUif tkm tammak.mmUm 
fotmlm iUfh SiallarlF for tO* aotrlx, tb^o wmU bo 
«M>lB«a \v tint prtttBg tl» nvnt ef A, , B, Ui terra at 
taraiB (iaojjtltle* to e^aatlon* C*08) aa* tora rakto* »■• at toe 
tnuieforratlcB foi-Oe CUT) aai toe trUoMratrte.1 retoUaw 
(IIB), It will be oteerrad tbet toe norral end abear ataeaaea 

are eMttoneaa at toe boaidarr ad* *»• ^ 



xm 


^ Cos 2. p 

4- ab/U.-^ /-Cj|^(^a-byH- k_j 


cm) 


Tli« stress at th« aqalXH^iim bmat^afy of tiio 

ioolmaion i« •atili' saan to b@ giv«i& bj 


P'^=. - P^ 

Ss %'»' 


tarn tho Sjfvariaiieo oooiiticw ^ tlio l^roatatlo atioaa fioM 
p^p=^p-vp ( « 0 im tMa oasa >• lot tlia Ikooj^ atross 

*»c>4 ' *Yy 'r\y\ ‘ss 

at til# oiiallllrlwi boacdary of tha aatrix ia to to 4at«flP*lBa4 
by tba superposition of Its 'talua iua to tlsa initial diaplaaa- 
■ant gXwm by ai|Uatiowi iWBd} m tba fiald 4ua to tba noo- 
alaatia daforaation of tlta inoiattioa* 

It wiy oisily ba aaa® that ail tha j^EoatoOi oai©ulati?ms 
ara haaad m ^a faat that lhara ia a at«ilibrii» iataifaaa and 
haoaa tha dlsplaeaaimts ara eoaUwiooa* Ihmatort it wy ba 
notad ^t tha raaultant dlaplaaoM^t iNT tha intarfaaa a^uM ba 

aeasurad froai iha laitial aiw> ^ tha teJila* 

In Ma and tha ppaatoua ^pt«r, wa have aonaidarad tm 

aopashta probl^^* 

Mm a fiwit prodklao oa acaiaidair aa alilpMa rolioa in aa 
infiiiita aadiaa, tiiO^ to uadoago aao-^aatia displacaa^t 

Uj= 9x+-\y ^ 

in tha aba«iea of tha aatrlx* Una to tha conatrainta lha 
natri*. thia wmU ganarata a aj^to* ^ up a^waodatlon 

atraaaaa both in tha imlmim and ita a«rroi^i^ mtarial- 



Ai a ii*3Et ptahlmMf em&MmT tim feowiiMry ia mm 

abctacs# ©f te® iHelmlaii in tli® Inf ini t« tm&lm. ^ 

a Slaplac^wnt giir« l»y 


U 




Bat dn® io 1^® •onaiwilnt;® t^® i^teyiai in ib® ©nviiy ii 
Mould not b® abltt to attain its fr«® state, i syst^ of 
stress field botb in itself and in tb® Inelusisii iroitld b® 
generated* 

ni® first yrobl«n bas been oossidittrwi ia ebapt^r X* 1%® 
seooad problen eaa b® eensidwei by talking t 

to b® sero ia tb® rsaalts of this and Hi® yrevioeui abaft ®r« 
la tb® general ease Mbin tim problm referred to ia Hi® 
pr«Mions tm fartgraplHi ar® oombined, i«'««'y idiin both Hi® 
iaeltiaien *llipti® boundary ^ tb® aatrix tend to iaid« 3 i^o 
a ebaag® •'tat®d ®arli«rf' tb® «gailibri^ iat«^«a® i® <^taia®d 
by giriag a displaenaiiit i^a®® ei^pcsients are 
€, X -VY.y > U^= ey -V \-x. , 

to tbo boimdary of 'M» bolo*- lb® ralaiMi ©f €, * t T, t X 
ar® giM«o by equati<ais iW^} C2ll>*‘ 



im 


CEAFUER X? 

'Elllptte tmlmlm la « large Mate Haaler Teosieii 

aai 

lelatei FSroblei^ 

m mm ecmtiitr tHe sore iatereetlng imi ted^Ifi«iea].ljr 
ImpoTtmt prMm» Itet bej^ptas If m iaolasioa «gibedide<l la l&e 
mtriv. wrdergoes « aoa*el««tle <i^orii»ticaa msA twtthmr the aatrla 
is salijeetiNl to « ntlfom teasioa T at JUftfiaitf iaeliaed at aa 
angle oO to t^e major axisf iov is tbe elaatie field or tbe 
oqailibriiss distarbed botb ia tbe inolasioci and tlwi 

Mitrixt Ve siiall tee tiiat tlie resultt obtaiaed ia tiie pwviimt 
eliaptert oan be utilised to ^taia ea^Hfidt 'lasifwrt to ^ese 
taestioiit* 

First me consider tbe stress field la tlie aatrix ©eatais^l 
aa elllptie oaritF ia aa iafisdla TOdiuia iBder tsBusiaa ‘T • l^e 
solatioa of ibis probl^ is taaoea ia [8,11^ aaoag o^iom* Itiag 
the aotaticas of preriwis efeaptersi Vm fWB«ti«»s aM 

are girmn hf 


FC^J) 


GC^) 


tr ^ 


ae - -m-vr 


-TR 


re 

ar 


-2(flC 


?*) " 

6 *“^ 


'm 2 f 


\)^ \ 

‘) J 


(XU) 


From eqaatioas {8S®J ead C'8S} tbe displacemaat c^M^mmeatm 
uV ul at the imaier bomsdarF of .tlie matriXf wpo girea by 


W 4 -\ ( 

tR lae 

A- I 




(XM) 



^ bus bm taikm to hm e"' at tiia boonaairT^. By sej^at- 
int tlio roal and twiftaairy pirt»| ^aiiB ootii^ ISiat 
DC ==• o. Co s ^ y =1 — b s vfi © , 


w obtain 


U^s jj^g-vb^ Cos2.oc-vbjbx-v(ja +b^ gy Sm 2.ocJ , 

'|ja* (^a+b) CosSoC j ay X Sin.2,ocJ > 


/ tOv^ 

ftyuab 


C«317> 


wbieli wiy ba vrittan as 


DC 4 -'^y ^ > 


(ms) 


i^Aiara 


T(k+'} 




b + (^a+b) Cos S.aC^ ^ 


£i = { a- Ca 4 -b) C<^s aoc \ , 

8 p- b I 3 

X _ f a+b') SmZoC., Sm2<0 

6 |U.b ^ ‘8 M-“- 


(a»> 

n>.««i«*«or SJ, e', X.X In (*i»> 

«uit th.y MB b* *l«lt«»<>mur MM «Xjr 1 *M T= o . mthM 

>' , -Nt' win b# MTo »h« oc = o «r >*l«i i« obrtoM 

an iihyBtml «r«Ma». »otb ef •»« b« mm 

ilaaltuiBMBlr fa» • »«»-»«» of T . 



Xf tfem t»«Xmsloii wtd«rgo@$ a !ifiiih>«lastie 


»mt flttm by 

U> G^-X. 4-\a , U,'= Sy + Xx , 


iMQ) 


th® ®qiillllirli» bocnidaFy will b® obtained by gliriiii a 
dltplaeaimit 


u= e,- 3 c+'>r,y , Uy= e^y 4 -x^ > 


(m> 


to tb® Interface as ^bosa i« prwlo«» tb® irala®! «f 

e,t Gj t 'Y, t •gaatloii# <1®7> aafi (2X3) sbaXl b« 


faa cxb |(ct+b)-(^a-b) kj 

4. \< C>AX ^,^(k+\) b 6^~(k- 1 ) O-S^j b + T (^k+v) ^4. bV 

4- A,C^-i3)Ck-04-2,>U.a J(;^a+b) k,- (_a-b) I 
4 a(a+b)CosaoC |ab!^4-X^(^a+b)4aoL/U,i]J 



8 ab |/u! 4 kfXj(X-txi)j 4 \/a |(a 4 b) 4 Co. - b)\ j 4 

2 A/^/Ck+0 C^4r b)J 




TsZ a b /A,k CX;^ >u) 8 X,/jL a I CQ.4-b) -v Co-- b) kj (S^+S,) 

4. I6yu fJL,a jck-vv) aS^- Ck-') b +t ( k-vi) ^ 4 aV- 
X,C^"‘^)^k-04-a>^,b |Co-+b) M Ca--b) j 

- a Co s 20 C I a ayU + \Ca+b) 4 a b/U,5 

e = 

"■ a[4ab{A^W.u.CX.^>u)j4 X^{Co-tb)'+Co--b)"k] + 

a yLLjC k 0 b) ^ 





k+C<x-b)}C\+X)-vT {2-^y^-:^,Ca^-b) Slviadc] 


X 


4- AC4 ^Q. b [ (_a - b )%. k. (^c3l+ b)"] J 

4-y^/u,b {Ca--*-b3k-Ca-b)j(xA:\;) -vt CK+0(.o^+b)[abja4Ca-b)^,s;naocJ 

4-/U(^^ab 4-/u|CQ-'b^ H.03-4-b^jJ 


ili«r« iM Iwkf* iwt tli« wmlmn ©f S^! t 8^ t t 
itmiiti©ci» i219}* j^lwtituttns ^uatlcms {22t> is (iS13() mi 
;S0&) th® ©mstmt® A t B t A, t B. ^«*a^ t© l»® 

■V T (k4V) kCo^+b) {^(XjVaM} {Ccx-b)- (a- 8) Cos2oc] +a/x,ab (At/U+yU)^ 

4[4ab {yaHk/x^(^X;b>u.,) j + X^/x |(.a-vbj+(^a-b) k} +2.ya/^(K40(.a+i>)] 

^yu ab|^2yu,(_X^4-;a.J k(a§;Vb8^-bX^(a+b>3CS^S^+avaf^b§+aBpJ 

-T QK+0 Ca+b) I ayuab [CX,->-ya) k-/xj (X+a | Ca+ b)-Ca-^ 

GdS 2.ocij j 

B = — --. 

4-l4-ab |yuVA^,k(^X;V>u3 j + Xyu [Ca-v b)\(a-bjk j+a/x/x (K.-VI) 

A ^ Ck-ypCO'-^b/s'^^ ^ 

' 4[Ayuab+/tA[(a-b)+ CQ--^bj^K.}j 

-^4cx-b)(6CX^Vj)/uab-TCk-tOCo-+'=>) S»aaocj 

B, S — —a: — r=i 


4.[4yaab-V-4x^[C^”'b)%C°-'^*^) 


( 233 ) 


'■Him wmmml a»i Hbmr «t tii® e®*w«® &eiwi®iry to 



xm 


eonst«ats giYtii hf C^) iir» 

|^(A(a-b)+ Bli(^a+bJ + [ ACa+b)+Bk.(a-b)J 
Cos2|i + {A4a+b) + B^K,(;^a-b)j Smaji] , 



1ti« htmp ctr*** Im tb« Inelusioii at its botmSarj is 

~ . L— J|a (_a-b)+ Biv(_a+b)j_ I a (a+b)4 BK.(5X“'^)J 

Cos^p- [A,Ca+b)4B,lt(;a-b)j Sinap] ^ 

(8SS} 


tmA in tbs natrix its i^lits 4as to tJtos isf©r«»ti«n of inelasion is 




\ 


2,ab W 


r{3A(^a-b)- Bh.Co-bb)j+ {3ACa+bJ-B(iCCL-b)j 
Cos a |i+[3AjCa.+b)-B,k.Ca-b)] S,Hap‘®® 


It nsy 'to aotsil tlwtt £, t ^a.** ** siii ®«t 

Is »sit»* sirm i^sa S'^. t fM.'9 rirf^sss 

t* tbs sass Of an slliftis ti^®«igsii^ty la an infSaits m&Siim 
Sttbjoetsd to- a anifoni tinsi« incliasi at an Mgls oc to tb© 
aa|or axis* If fnrthor tbs slastie |»r©pexties of tbs iaclJMsioa 
ass tbs sans as thos# of tbs oatsisl© ®it©rialf tbm ws rscossr 
tbs ^isplscsasnts at tbs of tbs sllipti© rsgii^ to 

lbs tsnsioa* tfs ©a® siM^laxly sols® tfcsi Babsliy*® tjpsnsfoyisotioB 
problsa Inst bjf pittii® i /x, ^ A t /U • it is 

in tsrsif t l »* g to olssfss Ibat #s«i Xg^, "V^y^ax# ti^iiai ts 
^bPPOf'Vj 'V^ ars not *®p© fo^ tt» givua tmxtm* Hiss# salasa 

<Xm Is ««PO snly o m 7^/a • 



It? 


if «• a«t A, t xx, mvmX to »»jp©» liULcii 
mans tliara is b® iBaiasiaiiy m at <ima ramsar tha reaalt# 


“e^'a"' ('=+C'^+'=) Cosaocj , £^-^=^^^^a-(;a+b)G«a»cj, 


iMoti agalfi is a ehaele m tlia rasait* It mf als® hm mtmmnrmA 
ttmt if cx = b 



TCK.-vOCi+ 2 Cos 2 .oq) 

_____ ^ 

8 x^ 



X^f'-'+O 0“^ Cos2.<7<l3 

J» 

S 



TCK +0 Sinaoc 

4* ytA. 


On tisa otliar liand if tha laagtli irf* tj^a m5«af aad# is larga 
aa empara^ to tJiat of tfea Btiiar axist maM fe# la*ias as 
tosqiafad to Sl aiccapt i^aB is vary aaasly saro. tHi# is 
otJ^amiso also tma so pfoysiss^. emsiiaipatitB#. 

Similarly i» tlia yfaaama #f tha i»eliisioB» tha aorras- 
fSBdiiif rasttlts far v^wmlmt ossa mm i^lai^ W satlAiNI cx = b 
is . tha ralamot a<ittatiOBS* For tha aasa af a slaatsr iaelasictt 
tha rasBlts sra ahtsinai hy a lt«itl»« proeass. t^s «wa 
ftia aalaas of t ^ glass W 



^ ( k-l +2 CosaoC) 

I S/U. ^ ^ 

^ - S + -^1^^ (_i — Co S TLoC^ “"^,C^ ""' ^“2, Cos2.oC.jJ 

^ *’ A,+aM; 8 (^Aj-v- aA-c,)^ 




T CS./^-AA,) Smaoc 
4* A^A^/ 


T 

'X = — 

^ A/^ 


SinaoC 


^ •oicr ««9 INI r^m&wmr all tlie paanlta ©f efeiafttajpa fll |yi» 

1 igr T mmi to »po, 

fhi# «aai|iila «iia1»l«s im t® aolf® m&IMmr olaaa of iwr®til««»* 
Tbato rolat® to ttio oaa® i^«a ait laflAit® Material omtaioiag 
m olliptio liolo mider lasiiform t«asi®it at lafiitl.tJt at^tjoetoi 
to sone sfiaolal tyii*® of loading eo^itiona at imoir 
iosaRpla IF in 

A ^o. -V- b) -V B (^cx-bj k_ ^ ^ 

A, (jx-^r b) -V B, (_«A-b) Ic =- O ^ 

j- AC‘^'b) + Blc(_<x+b)| , 

VO 1^11 luiFo tliraa Xinaar sionltanaous ^nations to 4atandno 
tiio eoTFoapoitdliif Talnas of So^ » ^ terms 

p ayai T « Ais woitM sol'aa tlso mss of a imtrlx amtloetoi 
to a tamioB at inftnitf m& wiifom prosanra at its %mmt 
lowiiafF* tliasa j^nlts rkse^ np vitli tiia solmtioB of tkm 
iro^os if solvad tf altamatisa olassioal natl^s* 

Hwqr otlu^ partienlas tmtof oalno ^tSyoi^ rating to 



H larg® plat® vl^ ®ki •lltptic & 0 I® e«ii «l»i3jkrlir aol®«€ 
ly pfop^yly otumiiif tb® io ftqwitiaiis ««• in 

(1.1^) 09 la (1^0}« Hi® lattMr s«t ot eaa S«®I iiitli 

®®ii® e«®®s yaw® th® laEa«x* is sti&jsatwi to m pyrtisalot* 

tfpm boiaadary tr*«tiiais, for «miepl®t r«#mlts of ® pwp® 

®li«ar at iafiiiitj ®«a b® obtaiB®i by ®mp«i»]^iti€n sf tmo 
®(|ttal aaxi opposit® t«Ei®ii3iis at rlglit «eif l«s to «a^ otlioa* 

til® rosmlts obtainad ia proifiofis i^aptars ar» fop thos® 
of isotropie •lastlo Mdiiist* A idiol® fi«ld ini' mmy other 
llit®r®stiiii eaaos oait b® Hioogiit of. For idmt liapp«ft® 

iribiii a iSi.t®Hal oootaiiiiBi aa inalosioa is aobjostf^ to baniljm 
iHT tifistioi mi so m* 

Frim tb® teelmological poiat of viow, it is oor® ^t«r««b» 
to oonsiioF tb® aaisotropie Matarial®* tb® aext in 
of sil^pli®ity ar® osbl® ai%i ertbotre^i® aat«rlala» b® sbalJ. 
i®al iiltb sai^ ®3aatio eas®s« iaifiopt«it®ly »ot ■say problm 
V®3®t®i to siiisotropi® a@iius! ar® arailsl^Uai Soso® tb® solotioo 
bav® to b® bailt up froii tb® b«gimi»i* m •ball wy Mafly 
r«ipl«ir tb® tteiory in tb® »®*t ®i»pt®r» 



wm IX 



CSUUFTm wx 


Hitt pcimtiims (6} d«j^ii»l npm lli« *tatie 

nmtiur* of «ii ©lenient of volnno md f&eem ootimg on It* ffoeso 
i# not iopeiid iipoii ttio proprtioi of ^e aoteriml* So also 
«ro t^o stralB iioplaoMmoit rolatloos (®) oni ^o ooi^tlMlity 
•Qimtioiio (13) dofoiid i^oB tlo eootijisitr requtr®®^ts* 

®l*ll«rly tiMi' boundary iroaditloiia (14) or (IS) dofond t&o 
ipoolflod folmoo of trootloB* or iliplaoooiat* •• tlio o»»o mf 
bo, Biiioo tbo stroas-equillbriuffi oiuotlimof tbo itro^dlo- 
plaoemnt rolatlonOf oooqpotl^l^ty odiiitioi^ moA boamiary 
eeeditioiis i«»li tmm$M aaoltoroi eyat iM oaiiotz^ie ooSio** 
fbo fwoiiPOBtol SiffoMiieo eowii la bbo oottotwato rolotii^ 
tbo otrooooo to otif^Iao oaS yico>*yersa* ^oio rolatiooo o^fO 
oo^rossoi by lb* ioa«polloo4 loo »• »t»t<^ to o|»oM.oo 

(7), SoBoo If to iBi e,j bo tbo otroio oni otroto cwon^to, 

tbO Hi 

Cij.L liwMi«Bt» ■» far u tlw atraaaaa aX atrala* 
ar* etBaamad tat •!*«•• «»• tra»af<w«tl«i of tta a»at«i 

of eoordliiataa. UttaM»» aworanUf «»ro ar* 81 aatattata, 
tao ta armtry «»« •“**? e«B*Mor«U«iB» tta mtaar of 
MMtanta rodoo* to n t» a eotaXrUlf a«lao*«»i* *-1-- 

Itaa of ooMtant* forttar r**»* if tta tady ta* aaa 

Via** or pJtao* oJW-W* » o*!* » aitaotrjr. If 

to o otoao^ it to fUiAA to peooow. 

too fipifO oltooi » 



ft plftBft syffisetry# Similarly & jfigfty« ninlell aUiaifti a sputat* 
ion «l>«mt ftii ftxift is said to Imv® m axis ot s^Mtrr* ©f 
o<»ro«, mmrf opwrutlixi iM<di is ft xotatico ftlxmt m 

ftxisy »'0» ft roflftxioB in m mj pxossd to ^ tli« 

ooKMnatiim of sooli opuratiooft. As this dis«i8si<«i is o«i#idft 
tho soopft of this mssift, ws shall oot im e&mmv&mi. idLth it. 

Zo eartosiftii aotatioos th« straio-strftss rslatioos oaa tw 
siftplf pot in thft foUoviiif forsu 

12 ^,P ^ to C P , 

>*»C 0 Ikx IX lyy l|i nit*!. iVYx ICixy 

e = c b + c p+ c b + c p i- ■ • ^ ^ 

e* - + ••+■■ i- - + +-. .> 



^.. 4 - .. 4 -' + - j 


2.C sCD+CPi-Cp + Cp -v C p -v C to . I® 

iotft that 111 tos ths Oflftstwftts Cij asf ho xol«tsi si^ tho 

mm^snts Cij,< 1» ifh Wm^ it osy bs ^t i« 

thoso rolfttloos ^ 0 '* sii«o »*h iwwfk i«»o «i loaiiag 
and siil^oqii«at mioftdins of tho astofial shoald ho soro, 
ipotftipdioss of tho offdojp of ayplioitioit os' jpooswal of tiw^ 
tarioos «o«#oiisets of strosa* ■ *s s^o ttamUf ^IZod 
olastie oohatKots ot ooduli* 



XU 


S£iiii.lArl.|r slti'sasiis cita bo in toiwi odf g^’ WBti^o 

iiiv«rtiiis iai« wqmtlmM (2*7). m®»« tm t» urittvi as 

s.e„+ s,e„+ s„e„+ as,.e,^+2se„+ a s„e., , 

s„e^+ ..^... + ■■+ .. , 

•'“■•+■'•4- ■- + -- -t- -• -» 

-•4-.- + ..4- ■• ' 

C*^) 

s^/ ‘s mm mXlm& mm SmflMmm mrnttMmtrnm 

His fiuifib^r of ooMitittts fttrtbor s«iWMS 4it mm rnemm^ 
trm^tm mmm* Xm sim^ • mtmwimX^ mm mtemtmm mU 
UmUmX oftw m i8o“ munm m'^mt mm mm thm Hiioo 
fi»oi ■ataallf fmtpmrnmmUr mxrnrnm l«i«o Umm c^s feo ao 
lAtovootiiKi botooai mm mm^mm mmm mompmmtm or ti» slwsr 
mmA aoisftl coaraooeRts. Wf tiling m plmmm forwl fear tiw 
rnmm moLm •• mrn^ =c,'y pXmm ^o a*wfe®r mi ceasst^ts for tl^; 
or^Mitropio •stofialo ffeini** m Um stross-steaHi 

rolstiOBs «r«i tints 

e » c b + c p 4- C D j, 




xm 


2e . c |3 , ae.,= . 


iim} 


As i» UtutmpU slastittity tli««^y, s BimpUnmUm 
Oscars Xm pimp sttciii soisctr^c yro^Isos. ’Bm pAsnc strcla 
dcforpf^tlcm® ta tais e&sc else is icscrlM by ItsviAS tbs 
iisylcccumits la • 4ir««tica ycrycctleaXar tc Wm y plmm 
(Hie ylaac pit symmtry} tc be cfiisi to ssro* fortber tbc 
dlsplaceaeats ere foactioas «f DC,y cely* If this be 

sct tbse e«e«e=^o • fbc strsli^strcas rclatisas 
be pit ia tbe fora 

e„= q, I?, + q. If?, + q, R. + q,R, ^ 

®vy' q, B. q.p, + q. !?-■*■ q-Ry - 

= q>e. + ?.Rv^ 

S,P„+ ‘?yPy+ 

cno} 

Frea «M tWrt aqiHtlan* of (*30) *• *•*•»«»• th» '••3m 
«r b • a»*«ttt»tiai thl» »lao of b la tJio Too»lnloc 

ITtx. 

aioatioiis t b# strala(»strcss rsIatlsB ©a® ^ pat la ^c fssra 



114 


^ OC.^|p 


“ac-Y 5 


C)U 




C)^ x , t ^ 0/0 

^ + di “ 


C^(,y OCfeX ^y ^66 ^y 3 


where 


( 231 ) 


OC. 


c r — r 


oc 


\% 


cfi 


^a-s 

C>-».C-5'5 Ct'^ ^aa 
^33 

C..C, -C^^c 


0 C,« — 


OC^ =• 


r C ~ C^ 

'-'ai^aa ‘-15 
D 

3 a» 

C >4 ^»3 

c. 


'S 3 


16 


. 0^,4 =- C 


'b(> 


C 


53 


( 232 ) 


III tb® plme atralB ^tto»tr#pie ea«® the str«s» itPaiii 
F*l*tioiis ©an. b« P«t in tli* f©r» 


e„ = c.u. + c,^lp„ + c,,\>„ j e„ = c„fe. + C„l?„+ ^ 

2e.,= C. 4 ^», , • e„“ o = C3, lp„+ +c„5^, 

€*x* **■ ^* ' ■ ( 8 SS) 

Althounh •pp.rmuy .«•» eowunt. .pp«r In th«. rnlnticf.. 
( 833 ), thn oonaitloB Hint «»blM to p«t th. toUm of 



f 


p ill 1^*“* Rv • tb,® Vain* bf 

ira abtaia 

®..= t?, ^ £„= °S.?„ + , 

cm) 

aharo oc^ ara givaa ii, a|iiaU<ata C 332 >» It mf b® 

©mplmsised ttiat ia aaiacitropla phtn^t straiii probliHMi tiia 
aquatlaaa of aqailibriaii radaaa to tia> Cfi)..«9id tlia atiradii 
aaipatibllity ralationo to ooly mm 

In tba ambia oftiaf Iba aatorial'baa aqtial iHropartlaa la 
tbraa ortlK»i«aaI ilraatlana. laoaa mmf iMT. 'tba alUiatio 
aonatantt baeoaa aoi tb® st»mi»f-tt»aaa i-alatiaiyi 

111' tba gaaaral mm mw bo vrlttao mm 

^,1 ^(xC ^ 

SfRy*'" B«)^ ^^»X= 

C,. 1 ?,) 5 


Za tbo p2«iO attola mm • tbaao mm ba pbt in tba fom Cm) 
bat In tbla oaoo oc^,, *®^xx 


oc- oC - 


II 




oe 




C«- 


It la aaeaaaarf to Idaatlfy tbo ooastaiit# c?c,,^oc^^^ 00^,00^4 
altb tbo emtaata (Iblaaitt'a tatlo x> *0aag«a aodalaa E ) 
lb laotvoplo ooao to proatdo a m tbo ^alyala*. Ibo 



in pl^® 4«f*<QflMKl'fciOII ill 

•l«»tleity e«n b® laritt^Ei ms 




^ e^=_ — |o^ V— 


lyy 


e=£0l^b 

p riy • 


cass) 


flra® for ilio Isotropie mm 


oc 


OC sa 


(1- V) 


OC 


-v 0 + 


i% 


oc 

^6 


2 C'+ ^) 


(M> 


flio Y«l«®s eC tbs f&t ssM® mi i8fitrs0.s ssss 

Iavs bsm giYsii asiiily teat soapsrisoo* lissatlsllyt vs 4^11 
Is iw»ssiiii^ vitb orthotropic wmMxrnm ftois Hbs hssis ^sstiOBs 
wlXl hs C«)t C8)* CH) swi ca3«). ms soitttisBt of ssnrsst 
vast sstisfy ^ givsB Issdifig or gisplsssMitt ssB^itlais st 
tbs hoir.^ary. 

fbs eospfttihility rsl&tim mm Wmm t» tsr«i of strsiiis 
CI8)« flisss ssa hs pot l« term® of strsssss by mim aosiw's 
' tow* Xm plmm stisin ©rtlwtep^s mm mis rsawss sBly mm* 
'■Wbmm wm osy lowwrlss ths hosts sqwtloes tm iplXmmm stssiii 
prohlM t» owmotewts ■stiiBB* lsglsstl»i hoif forssst ^m 
strsssss 'Mit sshl^r ths follevisg thrss stsstises* 



13.7 


^ ti. Hy 

oc.. — 4- oc, 






. IbiI = 

"x’bx’’ "b^y 


OC — ^ 

** "^ac^y 


(1SS7) 


lAtte approfilat* 'b&mn&mwf easiltioiis. 1km i>f ' o^i&iBg 


•alutions #f problems et3mmti& ¥lt^ ortbotr^o clastie 
Madiitn is diaeaasai in t^a aaxt cMpter* 



C^APTJ® mi 

flail* Straiii Ortliotiniple SlaaUeltr 


fh® ^ai® ®l®ation* for plana- atraJm prol>Ia«i la or^e- 
tropie «l*atieit7 ar® glvwi toy {mfh It In isotrepie 
l^atio&ty tha aolntion tlias® ia oMala^ by tntroinaing 
^ ilry*a atraas fnaetitxi x » vbieb is anab tbat 




„ 



fliaa® idantieaiiy satiafy tba first tifo agnations in C2SI7)* 
I^IMB tliir4 ©qiiatioti in va obtain tbs rala tian 


oc 


aV 


ax 






(Z. oc + oc,) 


JjL-^orh 

■bo^■by^'^ • 'd3‘* 





whieh ia fwa^anwital in «ie tb«ory plane ©rtiwtropio naiinat 
and takas plao® of the btbarnoiiie etaatien in isotropie 
®lastiolty« 

tbe g^ofal ooltttioii of tbis masticai d®iwii<l# npcn 
roots of tba obaraoteristie mmtlm 

cx * Q t a • roots ^ tb® abor® «(inati©n <a4^»i 

bb«n th® ganeml solntion of oQaaticai (23®) is fiv^wi by 

“5^ ) » X jC?c + <^.y ) x^(pc. x/?c--^ ^,y) 

^ber®Xj •§ ar® tb® functions of tb» snriabl®# indientad in lb® 
bmak'tts fbiioi^ then. 



Hwmm and Zmtm I.X33 altcnoi cn mergy eansidaaatinna 
tl^a aliaraataviatle aqaatloii eaioi'Gt ^nava rml rnnta* 
Fttrtliar tha raota will hawa a ralation af tha tsrpa 


<^1 == ^ 2 ,® 3 , *- 


ex, = CX. 

Z Xf 


4 * LK 


X •* 


iwm) 


aiMiiaa atnatim C^€l) aan be pit in f&m 


xc^. y) = •x,C’=-) + \C^.) + ^ 


izm) 


iliara 

X. a y =. 0^-^ 9,y)-v-i.W. y , 

= ^•vex.y =.(>■¥ 9,y) + lh,y , 


^ updi the bara iadieata tlia aanj-afataa* ^-x ba tw© 

mrnlytU fwwtlaaa z. , ani . Fer laotwi® wataaiala 

9 ,*^ 9 ^= 0 ^ h, 

Aa in iaatwia alaatleity, a Utmt nat^ «r a^wtat 
^lana iwtlwittapla ps*obl®iB ia baaad npsn tb® wiabla 

fafWilatiai&« tba ©©IntieB ®F ib® ptoblpi ia !««*« iF w at® 
able to md th® fanotlon# X. aad ia CS 43 >* «®t«fi»ia® 

tba Airy, atraa. faaati® % . tt ia* l»®a®^®i^. 
to deal wifii two o«i®a fwetlcais <pC^>^ aalatei 

to X, . Xa, br t^ mmtimw 


9 C^') 


dx, 

dx, 




dXx 


"It ia obfioiio that 


dXi 


CM) 



( 847 ) 


9 C^.) 


d Xi 


oLz 

S€-, 

vaAtjf «« followi: 




dx. 


Ct 21 , 


fb® stresses p , p p pil; fn t®»is «f <p 

'•XX *>1^ l?cy ^ 


•Xx 


‘vy 


p ; 

*xy 


=aRe[a>'C 2 ,)+ , 
■~ = { 9'C*,) + f CS) ] > 

-'d*X 


■S>x.^y 


-S.Re|a,cp'( 2 ,)+. 


(SW) 


Haiiii etitifliticnis (248), th® strsas^strain relaticms (234) «Bui 
th® strain-dlsplacescut erofs-tlens C2)» w® g«t 

U (pc , y\ = a-RC I -a, <;> (z,) ^-n^v/ (2^ I ^ 

^ (SM) 


«lMr* 


•w, = oc„ »?■+ OC , -m^= 0C„ a>+ OC ,, 


*Y\. — OCx^ -y^ ^ 

cx , 


fiMi cxpiTMistaf ?ift4 futatlaa lav® fe®sa 

la- til® rif^t iMwwi tli® ^ (2i®)« 

It %» mmmmtj t® f®f«al®t» tli® tmmSMry ®«o4iticB ia 

Innwi ®f til® l^wt 



jpto^leiHy hmmMwr nmm.Umm emist irf •xtmal 

(puffftO# tf*o%l.G®i cttlyi ocndlticMas as 

^®**^®*** * Ry ^ ©i»^oii«iti ©f 8ii£fa«« tfaetliai 

l«Dc, y dirstUoas, v© imoiF by «^mati€iis (71) that 

fc,Cos C=c-n) + ^^^Cos Cy.n) ^ 


?, =- fe, c°s C=<^.T>) + {5 CosC.y-'n-) • 


tgiag til© ▼«!»©• of to , Ip , to fro* ©taatica© ( 243 )y ©» 

• *» Wy '»-V 

••• tlmt 


f * 

2.Re[a.9(^i)-t-a^i|j(_4)j:. 

aRe(<?a)+ 4»(i.)) = -Jpcis=^^^ , 


cm) 


iA«f© -fc^ ©nd 4.J. ©ro bcanulary v®!©®® of r, «i^ Xj. ♦ Xf 
lyiS F^y ar© taioi©! at th® larandaryf ia |«p1bo1p 1© th© tw fiiBotloiis 
<p and! eaa b© datoraliHiCI. 

For th© aeecHid fiiadaMatal problea* ^©a tli© boaadary 
osadltlons ar« slv«ii i» taiwi of tb« displaeoatatSf tl» 
fwawilng ©t^aatiORi «r© d«t®r«faei by ©qaatloii© (8^) to b© 

2. Re -V- (4x) j = 

aRe 9 C-l.) Ot*) j = U-Xs") 

tas* If U, Mid U. »r« tawwot 9 md 9 ■•y fc* waluatad. 

f%r r®glaa® ®t&®r tliaa tfciwi® b<w^®d by a otrol®# it i© 

' «iiiv«iS.«iit to aa« ©aaforaal aappti^ tai^iiitaoa# iaipp^o 
tot ©a iafiiiito r®ii«o U bonsai %■ • «te«a «a»w 



im 


fHiis i« thM emBm «f an lafiait* mediiipa idL^ a 
paiplciii wtaida tiwi anarva In z ••iplaiie fe® ©oiil^orBiaHjf in iyai 
Into tlio zofltMi laaiio tbo aalt elrol® 1^1*' ia ^-plaao fey 
0 gnltafele fanotlen z = od )• Ofevloasly z = q>(^) . 

Xn addition to tiio z. -plana, tfea ’z.^moA Zj^plaaao ©fetainod 
fey an afflna tranaformtloB 


X, » DC cx,y = + ex ■■ ^ 

2 2, i- 


2 l.j^ »* 3 C. -v o. 3 _y 


*. 4 -Z 21 -Z 

-v CX 

2 Xt 


CtiS3> 


feaa© to fea Investigated, fli© valnes of z and z fro»z=coC.^) 
and z= OtXl^) siifeatltntad in a(|i:mtiona (ti@) to ofetaln tfea 
valnoa of z , and z ^ • The fiaaetioas z, and z^ean fea pnt in 
tarns of ^ fey equaticms z,* ^,C^) and • 

Mm now introduea two funetitais «ad wliicfe ara 

given fey 


tlwa two feowdary oonditions (8S1) and (Si®) will ^arafora feaanwa 
aRe {o-.S'C®") -t C<^)j « (<r) ^ 2Re | ?(<r) 


aRc[T 0 .'? (xr) » 2 Re [ti, (<r)+n^^ 

idiaro o“ ~ e*"® la ifeo feeondary vaJflo of ^ * 

flia fmtlaiin SC^)^ altli«p »mU&m iism} 



9ff oan b<i by ii^lp Selstfapts f03*mla« 

llili «t»t«» tliat if H^^)lii a holeeor-phic fraction vitliln « 
ai«l if HjCO-ReHCi)lt Immm m tli« bmmdarf of a ooit 
•irolo r , tlioii tho fonotion hC^) at aay itoiat ^ i«ltlil& 
tlMi oiirolo is givoo l>f 


HC^) 


2 .A 


r/ 


KC®") 


^ do- 


0-- g 


+ t A , 


(m) 


i^ro is a rsoi oonstmit. Sisilarif if njy) .1^ H C^) 
is tomiii on tlm boimSarf of l^o onlt oiroloy tiMsi tlio fonetioii 
HC^)oi owy point ^ vitldn tbe eiiol® is gisont fey 



O- - ^ 


d tT“ 
o“ 


• 4 - Bo 


'liAioro B, is s z'tol ^aastsnt* 


As alr^a^'y TQmvko^ in ofeoptor Hlf it is not mmmmry to 
■sp tlis iafinits rsgioii feotmdsdi intesnslly fey s ea??® to tfes 
sogion idtiii& s wit sirsis* Sfes ssslysis is slso sppliosfelo 
s%so whon tits infiiiit# rsgion feosnisi iatsftisily’ fey s ssrso 
is nsppoi to Ifes Winits rogion feowSod intmsUy fey tlio 
sirois* for wMplstsnsss «^Of it is tiunrsfoto nsooissFy to 
giro th# Sofewarts forasls for swA s traii8for®atlc*i# flisso :i» 
^s osso tots tfeo fonw 


HC^) 


‘ Tlj / ^ dcr 

+ t 


i H 


i 


r/.H 




(S'-O-) 

C^+'>-) 


o y 


C^-<r) 


do- + 


cr 





H, ) » Rc H C^) mA \\(y ) =■ 1 rr\ H ^ )m th* 

B@tli of tli<is<e f*w>*ilatio®g ©f tli® SflmKF'ts ©pplf — 

to til# jUi toft cap and oaiterioF rogicng h®v# bosci osoS 
^to UttomtoiNi* Hqw®v©P|i lo tlio s#<^'ii©X w® stioXX oop tii# twijI f¥i 
laidor oensicioriitiQn to tlio iatwto* ©# ^ oireXo* 

ttoally, At m Bhmll to eoneosn^ tiio strain onargy* 
it is isoeosaary to dosoribo It vory %% ^ ' 

ttiat mo oxproaslcai for tto strain mmw$f 4 oasity 

W as -i — 10 P , 

2. n.j j 

riMains tmo la ttls oaso also* Bat tto sstao^aoit sja^ ii f t'^ 
eaticms for mo straiii oaorgar giiroB in oliaptors If aa 4 f ooaM • 
''MA lioii good as tliof iiavo Innr 4 orl ¥@4 for m# isotrc^o 
''if mo aso of stross»straitt roXatioii. for 'i^isotropio oaso 
;:tlMi oxprossion tm 9%miM omergy oaa to ^Itaiaod. la toioo of 
strains or strossos if aaklag aso of tliO' strom^straia rolatioaa 
Cii?) or farmor tioso oati to sin^lifiod for piano moo 

also tut as no now priaoipio is miPolooi» m smil Mmmm it 
firmor* It «sf also ta statoi ttat t^ IXIa 9 O|SP 0 a*s ttocupoa 
alroadf iisouss^ im ^Smptme Iff rolatisti straia oaorgj to tto 
work demo at tto tcamiarf surfaoot still laolis* 



CKAFOT mix 

eimilar Ineliisifla 
l^liieipal stmia 


Its 


*Wi# toftslo a^aaililcAs of olasliloUsy tliooipy voXatilxi^ %o %I)0 
ylaiio itrala OPtl^IxoiA® isedliiM bavo Immo give® I® l^o . yvovloos 
oSftptors* Wo ftoif ©OBoldor tlio p^oSltrai a aircalar 
I® mot I®fljil%a Matrix* Tha ^oSlen I® tiila aiMl ' ftsm a®baa^tt<mt 
Oliaptera alii relate to pleeie at:®ftiii ease* M stated la 
prerloas eliapters, we sliall talce a plaae of sy^etry to te 
plane tmder eenslderatlen* l^e stresses » straiss sod dls» 
plaee«(®its voold l>e oStalnei at eaeli point of tMs plane* 

SNitrix Material lias been taken to be ertliotropie iMeh 
as speeial eases ineludes enbie or Isotrople saterisls* *%e 
taelnslcni Material is also taken to be orfliotropio (wbiebL May be 
enbie or isotropie) bnt tbe elastie prop^ties of ^s my be 
different froM tbcee of Matrix SM'tcrial* Me liave alr^dy 
iatrodttoi^ tbe eonstanta oc,,,oC^^pC,^aai cC,^ln etnatieiis (234) 
specify tite elastic properties of tbe Material* Here to 
distingiiisb tbe elastic propwrtles cf inelnsi'm froM tbCMS of 
tbe i^trixy we nse ft. «»• iacmsicii Material* 

Consider a clrcalar regie® cf radius a in sn infinite 
outressed continnoas ortbotroplc nedii®. let it tsnd to 
ttndergo a noa^elastic dlsplaceaent to an elliptic i^pe of senl* 
axes a (^ \ + So) end a(_\-^Sb) tn absenco of tbe nats^x* 
tbe possible et«lllbrl«i boaadairy witMn «ie natrix May be 
Men as an ellipse of lesd^axee ctO-t€,) mS aO-t-c^) . 

It ** sy be rwmtbed Iwire that great ^re .rfbsnld ti^en 



iost tlw assissj|>ticm of eioiUbpiuBTi Wmt iootpopie 

1® %Pii# tilMiifc if ttli® iaoXiiiioo miiSopgoe'S a iii>|i^ 

olaatle sflsnlaceRcnt to a eoi»8«itPle ojliodor of padta* a (i+S) 
'tb® ©ntti IXtspioB! teo®.<l.apy vlXX aXso b© a oyXiiuiop ©f paSXiis ■ 
a0^£)- Howetr®p, tills it aot toi© la optbotropi© ©ms®. 

A® m »ti®ll ««• sabsoqMtXy tii« ©qoilibpiaa bcmdarr will b« 
Mi oXXlps#* Hmo® V© eomliJsp tti® »@p® g^iMopaX probXsw stMsi 
l^j® fi*o® siipf®©© of tb® laoXasicB tas bosii tskoi to b® .mei 
olUps®. 

tlMi lots^-pfial iMft>®lastio AisplaoMiimts la tb® laoXasloa 
iNWrrMifOiidliig to til® asii^oXostlQ boondiarf 4i#pX®®«ii«at® ap« 
||lw«ci. bj S«.Dc y • Tb® flaftX disflaooMi&ts iMftsari^ fros 
it® initial siiM ar® £,oc t • laao® ^® olastio. 

iiipXaeotteat® la tti® iaoXiyilon ©an hs- talCMi a® 


7li«¥®for®y th® strains ar« 

<.= Ce,-eO , £,,= Cc.-s.) . £.= o 


(8®7) 


%f ‘^o stross-stmia r®Xa tica® {2SB) th® oorrimpsaAiiig irt^rossos 


P_ P_ C€i:S.)^-(€,-SDS. , 

a yv = fl P_p-^ 

•l) K"*- Ml M> * 13 .' I'*' 

(m) 


By pattiBi tb« ®ala®s of tb® itrain an** »tr«®» o©MPO*^ta 
iwm mmtiom iW) ®^ C8i»> r®»p®etlw®Xf 1« •«|iiati©ii C40), 
wo ^aia tb® »traia sB«rgy 4«o®lty in ^ laoXasisa to b® 



Z hiC,y 


^ ^ ^ C €:r ^5) R-1. 

Bira©# tfe© ©train ©nfirgy in th* Itmltialan |i#r ©nit tbinlaEiaaa la 

Aa-f (e,-scr 1^,-^ C£-^te -a Cc,-%) CccS,) 

^ C P. P») (sse) 


W 


tfa mem ©ontliar tha aaaa of tl^a wttrl'it* il#pla«aw«t 
^ turn Intarlor boimdarjr of Matrix 1« glvan ty 


Ut m € **• 

« t 


2L^X 



2. I 


im)} 


flM fimetlai 



(m> 


■ai^a tfeo roiloB awtali# mii on t&a «tr«l# uC tatllna (X in 
tiio x -plan® to a roglon vlthln Mai caa a anlt elrelo 
In tha ^ -plana* 

Th# lJo?m<%ry eomUtlcma (260) tr® glTwi In tanas of 
ilaplaeaii»ats. SnfestltttttRg tlia®® In ©lotions (266) 

aR e { Ta, 7 M Co-} j = u,C«r) > 

aRe[-n, 76r)+ia^-|C<r)j =. .0^ " ) • 


Itamplyliii atnatlcsi* 6f C<^ +■ dxr/ 

(V-^)<r,«ii MatElng <!•• 0^ Selnfiirt* fotwila (WU »• 



m 


gtt Cii«gl«eting tti« nmtmtM of i«togr&Uc«i» iMcli do not 
•ffoot tlio f^otsoa) 


-W,3C^)+'r«,-|C^) 


cx e, 


I CL 6^^ 


i^onoo 

5<:^) 




Tl^C 

*a r — CX ^ ^ r 

^ 2L(TO.n - "rrx^,) 


(m> 


1% Is BOir IMNiSibIS to OfslMStO tlio fODOtiOBS (z.,) ood 
(f> W * tjfwwforailiig fi8ieti«3®s z » oiy (^^) ,z = c^C^)»3tm 

M&m* r©» tlds It it nsetsiory to fiad QO.C^) mA oo^C^') 
idileh ofo f omitl ts follow* to -tlio Ijoaadory i»b»3Po ^ — o~ , 


7L ^ OC^ <X U 

I I 


C3t. 




olO-^-O.,) 1 


a 


X , ss oo,C^) 


X^» 


0.0 + ^ ®-i) 


i 


a 

<7“ 

0-6-1 O.J 


a 

cr 

1 00^ C^) 

aCj-i-o.) 

JL 

a 


ouO-i'Cx^ 

-L. — 

1 


cm) 


n. strtUM «m n«f »• drtenito^ fcr •lu.tlon. (S«8) uK 

tto itaoUMwat* bjr (■•). »««*". «>••• •«*«***» *• 



im 


wmtf cesplleiito.1 If tii* of tli® eooriiaato ox«« 1» 

mUtmry* rM» mf feo •liBplifl ®4 ly a propoi* eltoloo of tiio 
mmB* 

CiiocMiliif tho eooBiiiMito &x»s of tum njstm to b« gi^oa fey 
Miios ®f Infeoroootioii of tfeo iilaiios ^ olaotto •jWBait;r'y of fefeo 
■itorlolt t»i« root* of tfeo ^rootofittie oqustiem CS40) em 
feo put OS 

^T-, , CLj^- i 


flio ooltftonts tYi., j-YYVj.Yx, ,y\.^ sill. tfeorofiMPo feo 


1nr\ 1S5, - oC V\ + c?C 


nras-oCh, + OC 

^ X u Z iz j 


y\^ sz 


*=Sl 

Ih, 






/t K 


Also Trm oQuatioii (MO) oc,, 

iafestltatliii tlio soliio* of tfe* ooostMits ^ 

(l^)i so ooo srito llio tso ec^plox fmotions. mA 

os 




a OV" { 2- ®S A? °S.^ K* \K+ '\) } 





CjO* ^ .. 

a C^c ^ 

a C w -h.) {aoc ot + 




C- a. ^ 

> 

a*C^-V\j)oi 


CM) 



3J0 


e,+H^C°S-oc^v^^ ej ^ 

c, = K J c «,c °S h",) £ -v h, C<^ - oc^h") _ 


(aer} 


Iti# str«s««t iB th* i^trlx cm am im Amtcxcdncd hy 
•quailms iMM} wiiieh iwvcilwc <P (z.) aii4 tVC^O • 13i*i« can 

!• mmlmt9A hy m^mUcm (266) and (264) and ara siw W 

esYz:) = — . — = 

ct S dx., Ch-hjol ?i(i+h,)i| 

d? oii^ " Ch-viia |£^i_h,)g-i.(i+hj)] ‘ {“*> 

TlWi tba aalBaa of tko atrataM and eorraap^dl.'^.g ataaii^ mM 
Ini eTaluatad. Bavliif lEmiMi tba atraaaaa and atraiasit ia 
peaaiMa to find tlia atraln mcrgy in tha Baterlx in prlacipla. 

It l#f brntmoTf laaa c<mplieate«f mkc use of tlia 
Clapayrcii*! thaorera. tliia jUnrol'*®* the datar«inatla® of ta»a 
aalttaa of the atraasaa at tba tomaidary. iy amhatitnting ^ « e‘® 
lA aiiBatiana (266) and then aaltiiig naa of mmUtm (248), w gat 



-i 

(h-h^d 


C,K,{C»~h,)- O+h) CosEfij c^hJCi-hx)-0+h^ Cosaej 

Cosaej Cos 2.0 j 




" c{Ci-hJ-0+W,) Cos zej c^fO-hJ-O+Vi^ cosa© “j 

(h;h^ci 

1 

[O+h3-O-v?0 Cosaej ] 

[(1+^) “ C‘ - Co s a Gj J 


m 


- 1 

^chCi + h,) smae 

Sma© 

Ch^KJcl 

(_i+ K) - (i -Kj) Co s ae j 

cosaaj. 


(M) 


HftldJig mm of tfe« fowiala® (n) tocotHor irit& «ii« 
of tfoo givm fey (2®0), it ^lo fe« oliOMa 

^ •tr«l» tdorgy la tfe® aatrix i» fey 

r (PU-.+ 

= S;-na©-|3eXl+Cos26)-^€^0-'^«2®)i^® 

0 

=’^ { ^ Vi hX h, + hO j . 

Ct 79 > 

ealoulatioa yaoeoeSs as ia tl^ oaso of Isotrc^o astrix* 

SOKO of tho rolttvaat lati^sls &rm glxoa ia mpp&^x III. 

M^iag tho strata oaorgy of tho iaolasioa to that 

of tho fflstnx <@70)» tho total strata oaorgy is 

Ce.-Sj'llc*- C€rS.)’'g-aCe-SjC€-:SO 1 


w a Vsl -VW 
1 ’ 






7 ^ <X 

-acL 


z r 


ft ft - ft. 

<271) 


Ittactatsiag W atth rosyt^t to sad €.^ l*«#t sottiag 
dvi^dCj^-O ,%\Nlde.~om ofetsto 

r^{ ft°<^,h,h^cv’A’"P - ‘i-' ft-K? 


c, = 





332 




K) oe.^a('r^‘+'^0 oc„(i^^h,\^Jh,+KJ+2(i^(cx^+(X>hO 


(272) 

fh9 <3«tcrttliiatlc»i «>f th® ©<niilllarl«» boundary 1® now a 
vattor of snbatltittioii of otinatlons (272) in (260). Tb® 
alastio fl«ld ®y«ryifh®r® say b® deteralnod by aabstitnttnf 
€, in tho ralarant aqnationa. 

Vaing tUm foraolao (117) and sotting ihe Talnos cd* 

^ of inolnsion in it and tbo ▼alnos of «t tho 

boundary of tho natrixt it ean bo i^casi ^lat 

p^= tf" = fc(wv^.^) - c.(Hb0) - [c.d-h,-) -cJwV'O j Cos ^e 
^ ^ e(h,-hjd 

^ Sir\2.S 

r^__ ^0 j Vvt) -- I CoS 2. & ^ 

” 2(K,-h0d 

C,^i\^K) C,'hd\+h.) 1 

_(v_v,-)CosZ8| J’ 

(273) 

whoro tho eonstants C, md q aro ooa3aatod by snlisUtating 
tho valnos of fro® ©i^natioos (272) in (267)# i^MO aro 
givon by 




fK 
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Q _ -V>, (A [S^ (Xxxj SfaK.^ \a,^- oc„ h,'^- (^ +-9,jj] 

- d -i- (W, + h^) + oc„ h,h^(h.+K) -k- ?. ^^(oC^.-+ oc,^h.h0j 

_ -V\^d.lSo.fe;^G»,^Kt- oc,>W^-<- cx- - ( g,, K.-v (^.^') j] 

^ o^.,g.^KV>^(h.+ln44-2§,Jt^xx+ oc.^h.h^) 

<274) 


Tbo Jiai^ in th« hoop stroas is giTsst by 

|d'--P^= _ 2 r C,h.0H-Kl C. V^.(\+hO 

« ^ (i_h^)CoS2.ej ^(i4.K\) -(i-V,\)CosE.ej 


fr<Mi ttfiiiatitaiia (273) it can bm aacn that tha normal and shear 
atrassas ara ecntinnoiia at the inti»rfaaa» In the analTsia 
ve had already aasmied tha coetinnity of the diaplaeei^ts* 



13& 


tm Hhm eaa® ei satUx, Slmplmm* 

Pfluts ar« 




21 - 2 . 


2 L 


UL = > -30 
y i 


2-VZ» 

a 


tti« wtpping fQoetiaa 2 - = cx[ ^ b^r (ML) la iiae^ to Mip 

the infinite regim eoitside the hole Ini the 2 *plftiie to that 
idthln the unit eii^le in Mie ^ -plsne* 1 !ha hoimdiarjr 
eonditicsEis giTon in tei^ of displaeoBMots are ^e 4 in lamationa 
(tSS) to oh'i-ain the following tiwj oinstions for the eralaation 
of BM C^) m 

2 Re ^ > 

2 Re { ^,5 C-)) - ^ C- - -L) • 


Sy the ■etiMiii analogima to the 'taie ns^ in jperioie Copter 
it oan ho reaiily ahoaii t^t 

C^) 


ioltiiii fw a«i 



tm 


fhmm fuaetiims tc^etber wlfb 

tmietlmM msa oi3X^)giv« fey {®64> det@x«liie th» 

«la«tle ll«li em^uuir to tbe ®aferiau lo»r«T«r, as alr^dy 
raaarMf it 1* aora e<»pll©at@i t© S«tex«to« it for m 
wfMtrary cboic© isi ©oor^nat© axas« S«r© a gain | fey tfe© saa© 
of axas a« to tbe eas« ot priiieipal stratoa, m© 
eo«|>l«x fonotiotia aay fe« siaylifiedl at 




L C ,CX 

2. ^ 



- I c^g, g 
2 Ch-h»)a 


vlior© 


CW) 


d =. 2 0C0C +<?cV\V\ - (?cc»c (' V^+KV» + lr^\ . 

lx *>'»- Ife I X tt ♦ 


(W) 


litlciiii as© ©f to© aayptof fai©tie»a tb© 

fimoticiis ««a -^C^) ^ 

ttstof th© ralatiomt featvoen. to© atatmam aaS e^splex poticittoi 
fwatton© as glYw fey (24Bh it emi fe© s^«ai toat at to© 
boaotcfary 

, Smser c;KtC' + K) 

(^hj-hi^ci [_{(!+ cosaej |( (^i-Vv^ cosae] 

e Sinae r 

*"«“ Ch-w^a LiCi+vi,)-(i-H;)cosa6j“ ((;n-hg-(i-(,*^cos2e 


- (h-h^d 


c h,[(i-h,^ - C' + ^') <^ossa| 

|(^i+H) -(\-K) CosseJ 


q,hJ(i-h)-(;i+K^ Coe 2.6} 
{Ci+v^^ cosaej 

(SSi> 


til® stjr&in energy in 1^® matrix is ealsmlAt®^ tti® 
■stboSs mM in prsvimts eliaptsrs. In this ®ase v® shall s®t 


m S\n 20+ Sm 2.0 -Z 0 + Cas^&J d 6 C^8) 

ifttsr® th® Integra tlcai is to hm earried oat oa tli® iNwo^ary oC 
til® eirol® in z -plan®* Sotting tij® valaes of sni 

fron oqaatlons (SEL) la tills snS intogratingf n® got 


w = 



■^r- 2 (« + >,X 4 - oc„ h, 



(m) 


son® of the relevant integrals nes^oi for this are givni in 
app'enSix 111 * 


til® total strain energy in th® ^Mbia®® sys-ten is tbns 
given by 



cm) 

Mlniidsiiic w »®®Ii®et to a^ n® •«* 

^ (>^-V "r J (oc/ V> K hjA- -v- ocj 

' {cch,Vi^(h+h^ \) + oc.. (h.-v H.h^t K) ^ 2.oc^] + P,, 




(X.+ '^fc ) { 0 


v) °t(h,+ V'.hJ-K) ^ ■'■ ^6* 





im 


fwm thtm X * y. t!i« 1* eoi^l«t«ly 

knoi®. »#«• sttttsfy tfee stvms emtlmdty r«f»ir»a«iiti also* 
At tli« liitiM'faoOj ¥« sliall &sv« for tlio i^rmlf sbaar mA 
lioop strossos 



Sm ae 




Cx+>b) Cos ae 


K*^ yi 2 <^.xj 






(■^..-^"^0 Smae 

' 9 

cO-'^)C'-vN) c o-^^o 

|0-vV\j) - (v-Vi*;) cosa©} ® ® j 


cm) 


Oll^O 

,+ v^+') 

c' ^ 

{°^> W ') Vi^ -i- a oc,^j + 

-- h^(xi-^^[c°\:ocK,) {«;,(vw,h^Arw;)^oc^] 
: 


Cwr) 


im 


It eaa !»• Bmm from (IW) tiMt %h 9 of 

t!i« nmmX wsiS lioi»p strossos ar® mmm at © = o, a meA 3 a /a 
i^oro tli® alMar atr««s®a a^r® maxima aoi otraal to mm aaoltuiv 
iM. itapdtaSo* fh® algn of tii® i^p atroasoa in tli® i^Iiiaioi 
la t&® firat and third qm^rmtm of th# oltelo iiill ha c^poalta 
to that In thm aaowd aad foiirtli laadraata* Tkm Sanaa of l^s 
hoop s trass la tha Matrix aiU ha of opposita »mmm at «mmy 
point (axoapt at thosa pi^Uits vhara hoop straas is saro). 

fh# volaas of >, , hasa hmm avalaataS l^oo^h tha 
usa of tha aaMations of atailihriiait tha e^^^tlMlitf eontlt- 
ioiis and tha straas*8traiii ralstlons* satiafjr tha aoeti* 

aaitjr iwfairaiMMits of iiaplaoaMOits at tha iataffi^a* It 
should ha rfOMOiharad that f^ datazwlaiaf tha aontlBaitf of 
displaeaiBnats it is tha nat displaoaoMst of Inolusion that 
should ha eonsidarad* 

fha strain onorsf in tha inoi^ion aajr n«nr ha aaalnatad hr 
aquations (STS) asd (f^)* iintlarlr i^a strain snaru la Wm 
itetrix nar ha ©htainad hr sotting tha aalnas af Y, .tx fro* 
aquatl’ins (IHSS) in CIMI)» 

It is mtarasting to sotiaa that is tha onlr aonstmt 
presm-t in tha agnations (®MS) and (SSS) i«d that tlm s^mtanta 
? ^.x da not plar W nhatsasawp* ftam tha alastia 
aanstant esn ha fonad ®xperi»«itallr if «• Ssoa "^i ar 
and hy tha ralatlcns iWB}, m eenrsa, wm strnm 1mm 

tha alastia eonstants ®f th® ®atn* nstarlal* eoi^^on af 
a Bon-alastie dispIS'eanoBt e^^aiisntsY^y > Y»,dc paraUal ta 
aa»ixrdinata axas diriwtians aan Iw sinal stsd hy oai^hla 



"V, "Y^ Mftjr 1^ S9ft9lir9S* 

iM lat®3P'i»tliig y#»Qit to not® Is ttet viisQ Iti® InoltisioB 
is rlgl4 <!.«., (3^« O iaiicsat®* t&at 

th® slaear strain is unalterad. Howaver, tJia Initial rlgli 
feody rotation Is cbangad to 

(X+'^0«r,(h,+ '^Kl-KhJ 

"Y — ^ 

^ KCy^s ^ ») + K) + 2 oc^j 

If ttia Inolaslon Is mdergolBg a sfoiitaiisotis nocKsliistle 
illiplacoaoat > (S'.y -t in tlis ai sn^ y Slroot- 

lonsf than the strsssssy strains and dlsplaewsints or# ofetoinsd 
hy ttm snpor»posltion of thm r«siilts in tnis and tlM provioiio 
eliaptor* fli# i^iiillitrinn l^mdary In sneb a oas# irill tn 
obtained by a displaoosent 

U.^= 3C-V->, y , 

of tlio boliiidary of tbo liolot vboro C, > glir«n by ^nations 

imy and ^ by 


14a 


m&Ffm n 

Elliptie Probleffi Ib C^tiietro^ie Uiistieitjr 

BriaeiimX Stridu 

Imt an orthotroplo @lliptle r€rgim vitli mjixt m& Maov 
aaetts 2. o. and 2. b tmd to attmin & trm svuttaca cd* 
elUps® of axos 2a(^\ -tS^) and 2 b (\-v9b) wltlumt any rota- 
tiaa of axaa or slipping* 5bi« iralnaa of 9b ara talc«i 
to b« ancli tltet t^ay ara vithin t^ia proportiaaal liidt. Ma 
asaniw tbat tlia eqnilibriun intarfaaa la an allipse of said.* 
axas oi.(\ + e,) aM b^i+€»^ (tba axas eoinaidins aitli tliat of 

ttia liola)* f ^ ^ ara tba OKteomta to Iw datarainad. He 

sbail show ttet tSia iralmaa of e,, oMaiaad fro» ^a 
subsequent analytlSf satisfy all tlia boi^ary eonditlons as 
wall as tba MWtions of alastioity* - 

fba aJUistio displaeesent flaM in t^a iaalnsion is aaleala* 
tad trm tlia tram BWttmmm to its atuilibrii^ y^ition. It is 
flr«tt fey 

u.= (e,-S.)=c, u,= C€.-'Sv) a - 

ffearafora tlta strains ara 

£ - (€,- , <£,= Ce-.- SO. “ o , <»W) 

and tha eorraspcBding strassas ara giri® fey 




(ergOg>.-».-SOg.v (aw, 


«l»r« «• w* . gx . or «M 

iBOluioi wtsrUl «» la th* piwrtao* •S«at«». Bw 



mergy itetstij i» e1>taiii<ii tipm ^nmticns (2i9> «ai is 


(e,-60>..+ (erS.)>„ - a Ce.-sO C«rS.) 


a - ?, 


ySmmm tli« strain «a«rgr in the ImeXnsioii is ilrsn fey 


ACX-b 


W = 

I a 




(t90) 


Tfe® «isiiia®e«ent eonpenssits of tfe« interior fec?anfery ©f 
the natriic are fiv«i fey 


2:-V^ 


■Z^'Z. 


u_= €. 3c = e 


' a 


U.^. — 


at 


(291) 


Tlie fwiotien mpping ^e regioa cwtsiie tfee ellip^te in the 
r -plm® t© a regie® witliiii a imit,elr®l« ^ fefe* 

ST plane it the sane liiAefeiie fear© nse^ in sQtotien ClOO). Wt 
Ifeare piit tfee talas* car R an^ w in tliit egm^tis® 'ill teri^ 

®f o. mi b • Ifeas 't&e wipplng fswastloa is 


(^a + b) _ (o-- b) 

X X* at> C^)* g^g- a 


(892) 


tfeeri^ore tfee transfcapitog fmettons fro® ^4 plmes are 


a 


/ 


OL + i- a. b 

a 




a + tcx.b 


X a 

% 


^ ■¥ 


CL- i. a.b 


cm) 


afeere tfee ss*e type ®f arganc®^ are a»e^ e® ^ 

ehapter 
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hmmSAjtf 41ttla©e®Bat ©c»poa«Btii t gl^aa 

by (391 )• Farm#!* z: , x ia tMms® «qiiaticm cm b» F«ylft«fl4 
la if i y ay odf ^ t ^ ©QUaUca (!^35» H lb# boari-ary $ = cr 
aad <r <r » \ . trasisfomiag 2: la t«rw. «*f «r mA 

atliif ©qaaticaxs (tSS), 

a Re (-m, 7 (a) -v Tna^-S 6^)j = > 

a Re {n, 7 (a-) n^% M} = ~i) ' 

(394) 


Maltlplylbf li0tl» »td«8 of ®ta»ttoii« (394) by^cr -v5J)do'|aT^l(y-5}«r 
aad tBt«grati»8 roi»i4 tli« oontoar of tbo wit eirolOf »b4 
H! 3 ,\lr.g as® of tb« Selmai'ta f crania, s® oaalwt® tb® ooi^l®* 
potwtlal fwoticBS C^) wai § C^) • oif« 




01 i b mn^G^ 


S, SCC) = 


_(^air),£^- i. b 


f 


IM already »tata« tha eoorttaata «t«« •»• tb* 11««» 
IntaisMtlai »!«>•• "f aUatio sywetry rf tt« ■atwUl- 
Than tha roots of tlia aharaetarlatla aqaatloe (8*0) aay ba 


«ltt® **a,= i.h,,a,= i-K, and tha a*l«* rf 

ara flvan by a**atloiiB(ae*). »*»«>« oc, 
ass at tbaa* ralatlona the Talaa* of 'f ^ 


adOatloDa (886) aay ba alapUrtad to 


c ^ 

s= d 


I CS)‘ 


8 Ch-bjd 
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d = a«,oc^ + oc‘ h, h - =c„ot^(h,+ Vi,\r,,+ K) ■ (W7) 

It is BOW posslbi® to <i«t®rsia« tH« stssss- strain field ererjF- 
iriiere in the »itrix hy following the proeednre already stated 
in ohapter Xflll. 

Ihe next step is to oalenlate the strain energy la the 
ifiatrii:. As already rensrhed^ It is diffienlt to ohtain the 
energy in the aotrlx by deteridniag the stresses and strains 
eweryidsere. Ve thereft^re again ase Claj^yren*s tteeren* For 
it we ne'Sd to deternine ^e bmiary traetionsf asid Hiei^ore 
the bottn^^ary stresses* ©enoting these 1^ 1=^ t and 

end seilcing nse of s^matioiis {9^} luid (S0€)t ve get 


C, V\^(Co^ - - (5^ + ^ Ci.'\{Ca--hj3)- (a + K b_) Cos 2 ©J 


(h-h^d [_{Cof+ Vx"t)- (d*-- W,vr) 0>s a© j [(cx^ - Co^-V^Ji*) Cos2©] 

q K^(_ol + h s\y> a © h^(;a ■^h^)s<y\ze 


(^h-W^d Cosaej |(a’+ 


n|,<nt B«, th* wtaBtlon (71) mi si^Ufyliic in «» u»u«i 
wnnar «nd notlnc that Cos([x.,n) = dy /ds^-CosC,y-’''_) = =*=^|=ls 
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vm fur til® i train itiargy In tb® iMtarli: 


4 /[ ■*■ ®'’’ 26 - e,a b + Cos ae) 

”-€^o. b Cos 2.€>jJ cl 6 . 


Setting the valaes ^ ®>i4. frcai aqaatidBi (233) 

in tJiis an4 evaluating the integrals ve shall obtain 

aJ + 2 Q. b e^e^(;pc,^oc>h^ +€>’■=', >K(V>,+'^] 

(CM) 


The total strain energy of the inolnsidi and natrixf by 
eqnatiooi (2®0) and (ids). Is 


7^ o-b 


w = 


C6c ^)V C6.-6J>.r 2 C^eo CecS.) 


a tr p.t 


-2.cA 


+ a a b €,€^(oc +OC, h>) + €>Vb,bX'^+b^ 


300) 


mniadLsini w lAth resfeet to e , mi gives 
" {“ “ixK’’0+ 

' [a. b [h, b (?„- <SD - 6 <» t> C«v+°',^.'’0 ^>•- 

?■ '0 J 

"SJ'N '<*1 

~ {** j °-^*- 

ab (b 


( 301 ) 



tliw« iralii®* of J is «qaaitioB» mid 

C288)f %!!• olasM.® fl#14 Ia tit# iji#Jlu#jlloii ar® 
jp«gar4« itetrlx vm ftmt d®terala« tli# ooBstaot# c aoS c 

I '“a. 

i® •QilatloBt# CSi7). Tiaase are 

- b Kd [(a («,- ^ a b h.} e, 

C,= 

a. b (h b - (3J -<^j+ a Q b (<* 

+ ° ^„“?Xb,+ b;)+ b*goc„h,V,^(h,+h^ 

-abbd [{a(;oc -cr h’;)H- a ( 3 h,} 

^ ^b,(b(cc-oc.h^)-bg^-a^ h,}sj 

°- '=>{ -d] + 2a b CoC^+oc,b,K) 

+ ocXh+ b^ + bK(b,^b^^^^ 

Sobstitutiag tli#t« Tala## c^ mi in twm} md KaHiiig 
us# of (a9a>f ¥• 4#t«ralji# 9 (^z,) aog 9 (rj atr^# aa 4 

41«plit««a»iit fi#14 ifi tit# #ittrl.x my tte b# ovali^ktiid Ity 
And (M>) ]r##|««tiv«l 3 r* Stralii# ##7 It# 4#t#m^«S ettiliier if' 
Hoeie#*# l#ir mt atiAla^sf'lAOMOt r#|«ti«#« 

flu# of til# Bornttl ao^ alMX at emmm 

h&mimwy of Hi# ootrix tm& imoltioim #r# •xal.aated in tii# ostiai 
ttaimer hy loolliBf mo# «qmticaix (il?) mi. txtgoooMitxleal 

x#latl<3tis (ItO) 

- [Qx-^) Cos ae j -aab s{y» ao 

I ( 0 ?+ ^ - (p^ la) Co s 2 6 j ^ ■“ 0^'~ Cos2©| 


Cos a ^ = 



^ t» tli« angalar orl citation of tfe® ©atwwrtf ^mm 
iior^l wil^ re«p*et t© tfe© ac-aaii# ®ieae ®r® fi¥«a toy 


14 ? 


©‘"-la “ (b + C^J _ I (^b-ah,) C-Cb-ah^qj Cos2^ 

a ab<^h.-h^)d 

pt-_ ^ ((b-ab,)c,- (b~ah,)cj Sin a(3 

a OL b Cbr b;) d ' 

^ [(_b -v a b,) C, - Cb + ab^C^]+ [(;b~ a K) ^,-"Cb-CLbJcj Cbs2^ 

Cb-b.)cl ’ 


b'"'* p*" ^ hCa-v-b,bJ c, bJ[;Q-hhj3) 

“ abCV\-W<^ _{0-vV\)-0~^) CosapJ {0+^i)~0~^^ 

cao®> 


i^ittitloRis i^m} ©statoUslios tto© oo^Uiimity ©f tto© ©owl mM 
stooar str©8s«s* 



cmnm m 


Uliptie! Imelmlm in llAsti^itjr 

Sbmr Stmia 


la tl^s eimpter ve ttmnMmr ttia mmm vlmci 
•IMi^tle iaclasticoi i»f ssai-axas a and b t«aic ta atlaia a 
fmm^mwefmm v^eHat nay Im oMaiaad hf glviag its l^RBiSarjr a 
^iiplacMM«t \ y . '^v,^ parallel t© ^ wi,i y -aa»s« lat mi 
assnn© tiiat the pmislhle i^alitliriiin heesi4ary is aa elUpie 
ohtaiaei hy gteiag a ^isplaemMSit 

\ 3 , Uy ^ 


t© the iaaer hoimdary of the mVtlx% liaKre Y^ ami \ are 
aia3i©iiii parmMters t© he Setemiitei* 

Far the iaelusioat the hotaidary elaetie iisylae«M%t 
oonpoaeBta are (y~y«) y ^ CYl-Y^) oc . the itsplaieewit fleM to 
the toelaaioa, aa mtrm&w atatei prevtottalyt «ey he taken t® he 

C\ -X) a . u, = CX-\) =c . (aoe) 

whmioe the atratoa are giren hy 


and the corresponding atreasea «re 



P ’ 

lyy 


O, 



(?u 




Ker# again iwi aae the eoiistimti >(^*c 

elaatie pregiertiea to# toclmlo® natertol* 8y astog toe 

forwila <40) toe atrato miergy to toe toelaaloe mr he aeeii to he 



imm) 


Acxb 


W = 

^ (3 






F©r th« mttlx mm rmgim mUMrn thm ©lllptic hoi® i« 
■»pp«« Jjat© a eipcl® of unit Padius [ ^ j — I in tii« ^ plan# 
by the Mapping farntlon CS@2). m mm th© sane notation* for 
th® napping function®, bowidary iralne of ^ , and coi^iiix 

potmtial function® ©to# as w® bar© nscd in tb© prcvion® 
©liapt®r» The bouncai*/ di#plac©ffl®nt coa^Miiicnts at its iwa©r 
boundary ar« by (304). Eiprassing ^ , y to t©M of 

Zj X j satting z X to t®r®a c^<o(5}aad ^C^)by ©^nation* 
(303), pntttog at til© boondapy and imtog to© equations 
CtSS), V© g«t 

4 «e{Tn, 5C-)+ = , 


a Re ( n, y C<r) + nj C*-) j = 


|30i> 


Ifeltiplyimg botli sid«s of ©qnatias® (M) by(^cr*V S^clo-/a 7 r c 
•nd nstof to© Solmapts forsmla (S^l, m ^ato. 


yC^> 




L r\y^b 


— — ^ • 


cmo> 


Itobstitnttog til© values of m, , I rv^ , n, fro* ^ptation* 
(iOS) to ©qnaticns < 310 ) and stoplifying, v© ©ball get 

JCS) = 2(V,lh;)d > ^C^)=-- a^v,! hj ’ 


(au) 





‘=.' “ b-Y, - Kay^j , 

<= bY, - c<^-oc,K; w a\} ^ 

<h,H^-oc„oc^Xh>h,h,+vO . 

(312) 

It Wi.3r be seen that the eatpreselofi for d is the saiae &a in 
nqmttmB (297), 

Tranefowilsg from ^ to z, , pla^s with the hel# 
of tho relatiom ^ aM 2=. c£>(^^) gtw«a la eqaetioae 

(293), v« welaate VCz--) aaS ebteia 


9' (Zj) = 


lc^-v>,b;^"- (jx-vh.h) 


c^r ^ ic^- ^b) sr^:(;Q + h^b) 

The stret* ft«M ia the maVtlx nay be obtelaei iwm iUbe 
reletioaa (242) «i»l (313)* 1^ •ti»«i.«es et the temSary eC 

hole May then be obtelaeS* These idre (ieea by 


(3131 



JLSl 


b = 

(h-v%)d 


clh^lCo-- W b) -(a f b b) Cos26| “ C^+h)*) CosZej ~] 

L tC^-^ )- Co s 2 ©} {a\ - (^a- VC\? ) CosZfe] J • 

cai4) 


Mf Qlmpmfrm*s tiieorem f@t tlm str&lJi «i«rf7 in 
tib« iKtrix 


\M *i. 

>»» 


k j [ti>’''S ®"’ + lf>,“XS"> a® - { CVxKV'O 2« j] d e 


iiti#re so«« of tho intiipralff giT« im appMtSix 111 bmr* iNm asPd* 
ttio total strain tnargy w is givw bjr 

K a b ^ V 2 . 

Ssttlng b wy^dY; =.o,dw/d'v^=o for l&a oxtriawai ralaa of w sni 
solrinf tlio oqaatiuiif fwa tora 

a >t) (a oc b,\(h,-v hj ^ 1 

o?'<^„K ^ bV(^h,+ h^-t2Qb(ocJ^X^rOc^-t Q-b 

b(]X:V>r„) }bo^C'^,+ bj ■'■ ^ . 

aXH, H ^ ^ ^ ^ <^0 + ^ ^ 

It ■ay bo oorifiofl that thos® gif® th# ali il iam talsio for w • 
FroJi thoao val««s of ’ll 'Jfi. » olastle floM 
in taolnoioii an^ imitrix any h® tfotiHBStoatf by follosiog tho 



im 


l»rofe«^ia»« lnSJUsutsd iji tli® ffr«¥i,oai®, Ita partleiilairi 

tii« iiannl «ai abaiar straasas ®t tim atiHLXltnriia iaitarfaea ara 
Ciaaa hf 

V V '=CX.-^\) StY> 

^ h W^K+K^ + b’-oc^(^h+hO + aa b(oc KK + ocJ + ab ^ 



-Hh^a b CX-^ X) Cos a ^ 


b-V hj + 1^ + hj^ -V a A b h h^-v oc^ +. o. b h 


cms) 


vhlaii aubataiitlataa mr l»aaie mmmptlm tor ilia aqaiXitolaai 
lioimdai'y sl^<m bf (304)* %a baap atrmia la tba Imaiitaiaii la 
P<^ V b,Vv a b Cx-^x) Sma^ 

** o^c^, b, b^ + aa b C®c, Vih + ocj + a b h ' 

Cms) 


aad la aatrlxf it ia 

kjr. a Sin a ^ r c,'h.Cb-Qh,) 

« « <^^CVX)d^(i+v^-(;i.v^cos2(3j 


C*h(b- Qb^ 


{(l+V^-(»-VtjCosa(3j 




liliara 

- b ,bjCa+ b b^ a b CX^X) ti 

a^x,b,b^(h;v b;)4- b’-oc^Cb + b^ -V aab(oc,^h^b^-t ecj-t- ab b,Vv(3^ ^ 

-b.KCQ bb,) Q b CX-^X) d 

^ a^PC,bhXh+Vv)i- aa b(fc,h)r^^^«,^+ 

Xt aay ba aa«« fiwa a^jaatioRt (30LS) ta {^)) tiiat tba 
tatXaaa o€ tba narwil l^aaf ata^isaa a** aaifa at tba XatM^aea 



im 


IlO'tll ill ill# ijIfilltsioiB IBttd RatFilE if®P(^'=-0 $ 7 ^ jz. $ SKjS • 

Fwtli«if li^:^ strosstss in tfe# taclmicwt btar tint tmwm sign 

in th« first and tlilrd qnadraata of th® ailips® and tli® 

Ojppnait® aign in th® ®®c«d and foartli qiadnnta. In 
v«^s, if thay are t«*ile in th® first and tMtd qnadrwita, 
they will he eonpressiv® to seoi«d and fcan?^ inadrant*. fbMy 
will he of ©ppiMiit® sense in the Stetrix, 

The strain energy im the inelnsion may he ohtaimed in 
terewi &€ knom <|uamtities by sniNititiitimg the values of 'v; and 
im (303). Sliiilarly i^e strain mn^gy in tiie matrix my 
be obtained by setting the values "Y, and im (31®)« ihi 
regards the eootlnmity of the dlsplaoesent at the JUiterfaeet me 
have already assmmed tliat the net dlsplaaesiGnts there are tte 

It lesy Iw «3dM bMire ^bmt if the imslmsiom tends tm mmdergo 
a aom-alastie disflaee«Mit with o®ipcnsnts (j5?c.-vY^y ^ , C^y'^’X'^) 
parallel to the ooordimate ares, th^ im the e^miUbriws position 
%hm met displaoeaiiiit of the boundary of the ellij^e J 

wonM have the ©®aq^ 3 oents(€|^-v'>r,y ) , (&;,y niiere €. , , 

, Y, and Y^ are given by egimtions C301) ami (JlTl* USm 
stresses and strains eaii be obtiimed sapen^itton* It .Shiy 
be rewricei here that all of ^s emalysis is eorreet for 
mmUwm valMwi of S;, 9^ , X, » Y^ aloo if oonMnnity 
the iaelnsioii and nsWr is .aaSmtsinod* 



cmrai mi 

Ika iniptie iBnIacioB 

Im tMt «ltept®r 1^ iari'T® eert&im r^calts trm aaaljwis 
In til* last tv® eliaptars. 

Takiiig first tlia prii^ipal strain sasa tiia salNititittisit sif 
the vaittes cf pEiraiMsters » €j_ ehtalmcNS In etmtiens Cira3t)|, 
in the appropriate ei^ression deterges the elastle fleM in 
the inclnsion and natrlx. It is &t interest te temr luow the 
results sli^^lify for mam partienlar msmm* 

Tskinc the naterials of the inelnsien and Matrix to he 
cnrtiMitropie havinf the sane elastie eenstants Ciuo^' therefcsre 
setting j (3 erg^ressiens 

- {aocX« + + >> W,>\} bSb 

r* ^ ..- 

‘=^1. {a%- ab 

[«$.{«/ 'V- “ «i4 ‘=» + ’ CV'.-^K)] O.Sy, 

- { t> •'■ ^+ K) } aSc 

TTrirrr ri IJI1 irniiriii: ii i , . ■ . .. — i , , - ,«ii. . —i— ,. ^ 

VV. J a b (h^ bj ^ \3 b, b \ 

It nay he repeats that the interseetieBS of the planes ^ 
elastie syniietry are the sane both fer the iaelasie® and mtrlx, 
and farther the nestenelatare of the sx«i is also the mm^, 

Am a next ease» if the inelneioii is &t wthetrepie naterisl 
and the mUlm, of entde, »« hare only to set oc., = i» 

Unally if ttte ®at^x is ieotyopio in plnee, of than 



im 


Vt = K <-■ I € f c 

IX 1 ' X 

[ { ocj - d } a 2 b jcl b S^- { a p^Coc + ■*) + 2 b C'5 } '> 8^ 

€ = j 

■*■ 2 0-b(;«:,+<.cJ^^+aoc (;a^(J,+ b"(3j 
b+ 2a p_^«]o.S--{bP (pc-voc) -V acip« J aS 

(P.C C> -^S 2 a >=C«i+”&) ?.& 2«Ca’-ft+ b’-gj {38,5 


vtmwm d » a 


X- ^ 

oc. CSC-V-OC-30C , 

Iv M Jl u ' 


CX e oc = 


\- V' 


j <3C» '■* 

llu 




On tii« otiiar liftiidy if aaitrix is oxtaatrapisy iasimim 
iHsing snMsii v« sisia sat (3 sl • lat if ittie ias'liuiisa is 
Isotxo^iet astfix r^ssjning srtlistr^^ef (^s vsiim - ^ 

Bsir bs put ia tsmi sf a^aias iB4 Msssa's rsti# ia 

tfes sa«« saimsr «»oc^,, pat)# €, t c^i»s sivaa fey 






- fa '=» J 

^ ^ 

C ^+ *'0 ^ 

[{ -'*}'»+«?, oc^h + hj] Q-St 

- •»• j . 

* ab {h,t\Cl?, - (5^ - d I + 2 a b «,hh.) 8bt>,b^ «l»i) 

?« 

It aay bsar awatloii tfesst -tlie ssssiitisl. iiff«r®fee« ifcwitiis^ 
safeis sa4 issfexopls pisas far^sfelwHi ifsaM fe© as fsUnars* Ptxt 
Qttfeie aatsrials# as sat (®- ts sasimts tfes 

▼alstss ®f h, t h,, *^®a tlis sfesssetsfistie staatise, C*^)* ■ 3ta 
isotropie watsfisls t®®# as iMit • tat 



ani iranili ralatai to laid • 

As s mmxt osstt if tkm asfepix is rifi^ i*®* ‘=^,® 
or if tlisrs is a earity i#«. =• oo tlMi O . 

Sisilarly if tii« incitisicai is rigiA, (® ®*y 

im sasti that S *- , C^=- idhlaJa is ohritw on phiRsieal 

grim»is« 

%o rasmlts ohtainaA im (^S), (^3) aoi (384) aay ha for^ 
tliar s|iasialisa4 for tha airoalar easa o. b « QGrrmp&^iJ»§, 
to thasa wiaatioos w otitaio t&e tUm airaular iaolmsioo 

' *^0 C '+^^ + ^\) 

[°cJCh-vh)^-v Vh'\)}°|g^ 

_ <?}«,.- {^,0=e, ,+« ) + 2 (S^,,} Sb 

<?A: €-=* a ) ^ a«-,ce,+ PJ 


£ 

I 





c°«x+ C V '^0 <^. 




£* 

1 


- °Sx*^ W ■'■ ^+'^) j S. 




(m) 


V** 



A* m for wm follevlmg 

miiicii oemrs fait® frafa^tXjr la praetia®. CaasiSar a aatalll® 
aail sapposai t@ lia iaatropie, iditeli iias hma. iraw late a 
piaea af vaoS a cojse^ orthatropi® ®at®i4al. fk 9 aaoriiaata 
axw liaif® alraady baaa cti'ii«®a la stseb a laifflEiaff tint raal part® 

©f tls® root* ©f tjia abaraatarlstia afaatloa ara aaro* Slie 
raaaltlng alasti© flald »y b® darivei frmk tk# Xaat of niaatiiKas 
C3@&). 

4s a a@xt axaapla if <x 1® larga In aaoparisaa wltk b 


€1^ o , £ -: 






(sm} 


Oa tha otbwr Inn4 if b is large la a«apiris©ii all^ a. l*a. ajh- 



im} 

Tim ajcprassicns ia €32«) mtA C327> differ baaaasa ©f tka ertka* 
trapia aliaraatar ©f alaatle iiaterial* 

4a fartkar asasplaa caa aiglit aimsMar Iba iaalagiaa 'ta Im 
isatrapia aad aatria ta be aaM,® m iaatrapia ar aiaa«ra»e* 

Wmm bath tlia iaa^iaii tka af tka imitrafia 

'■atwrlalat if® aay dariaa tka i^la^ ^ t bjr aatttag tlia 
raltt®a ©f Sa t©ras ©f I© 0 Bg*s aadali ai^ 

Foiasaa's ratiaa already glrm abara* far %a alliptia ease 
tSmm ara obtained fr^ efaatieaa C^)* Idiey are identical aitli 
tlix^a i» (113)| i*i^ ia a aaefal ebaeb in tba remits* 

It ia tlaa iatareattoig ta ae® tint ^ ^aar a^r^saa iM 



Ui 

priaeiptl straiii tFanaforaatica eaa» «£• jmspo at ^ =o_,7^\2 ,7C 
and t«tt *9 at tfcia aads tst tdia laijcr and wSj&m axaa# 

dlreatim CKf ttia mxms at titas® paints aira tto tlia prlnaipal 
strasa iltaaiiana. Furtliar at tha iipa af tHa mxmf ttia imop 
atraaaai in tha inalnsiGn mssune e:ctramii!i! 'raXaaa* Stia Jaap 
in tha tu^p straaa m tliair ratio mf hm dmfivad frm 
rasult* in e-'^iiaticms 1302 )♦ It «ay ala© b® addad that f«HP tba 
str®a»®»f tha aimataRt# C, are t© be atalaatai. Thaae 

»ay be dataridjiad frcm iWl)m 

It mj be ©taiaiirad tliat ineidimtallj wa bava solved tba 
prablaa of an alliptla b©la tmdar imifora praaaara P la an 
inf liilta ©r^iotraple elastie nadiisai, ' fMs ©an be alnpiy dmm 
by ©iioaaizit ' 9a, » ^ aanaar that 

CjCb-ah,)- fb-a c^-O 

c,Cb4'ah,)--(_b+ahJ 
--P. 

2. a b^h-K^)d 

Wa ©ail ai*tlarly deda®# a few ©t^r iatwraatt*^ r«Rilt** 

An regard© the eliear etraia traaeforaatica ef the .taelaaiaet 
®tte alght darira raenlta eiid.lar to tboea ©f principal stralaa 
It ia quite intaraeting to note ttet is only alaetie 

©onetaat pertaiaiag t© tba imtXmlm i^iterial wbiefe ©eeare te 
tb# «acpr#aiio®e f t 'N'l. • acnatiaata j 

do a©^ play any l^raforOf the reaalta (31^) raaaia 

i®alta»ad i^tbar iactoion is ^©troj^t ©i^e ©s iaotn^e. 



ban to tli« eorraet mXm < 1 ^ * Of «ci«ii««f 

iB tli« stateinent it is iii|>lisit tlmt tbs «x«i ef tba isisliBiicnt 
«M Mitrlx «ist Im ebsssii, ia 1^® mtf ismtioa^d «urlisr* 

If aatrix is isatrapist 


■>, = 


> = 


0 ^.,-^Q 9 x)j 

a oc.C®-’^'^ a b + la ) -y- (aocjV a b 
bCX-V\) {2.b«^-V Q.(oc + oc,)} 


Zoc^Ccx-^ ab -V ks) -V 


{;W> 


If ssttiag cx»b , w« aay g«t tii« rssalts «f fSi® eiroiilas* m»mm 
In this esss 






« ff»s wt^iii^i’®* 5xBB3daxf f ia ths ass* af priaei^i straia 
is a sffais* It wiaiM t® oa sllipss sIms# mis* ®^jieWs 

Tii^ that* of tho holot Isagtiw ao-O"'’ O ^0 

la oase of ihssr sti^iat to»e»oiP* tho st«iiibifii» heaatoy 
is sgsia am sllipso 1^100# HsraastJPis simtioas sill bo 

ac«= a cose -V-Y, b Sm e , y = b SmG -^Y^a. Cos©. 

the nsjor satis of this ollifs® oiH be iaeliaoi by s saoH 
,OC t® Ml® iaitial mSnr axist fi'«^« by 
a’^Y -V By. 


oc « 


B-cx' 



xm 


It wm.f fe# tbat initially tls® iiajnr «xi» ^ tti« tmm 

iwfa«« ®f til* inelaaiiKi nas aaklng m angl® 


cx vJy. 


I ' 1 - o- 

b — OL 

t® tli« iia^or s 3 ci* 

Tha l®agt^s tSi® fflBjoJf ani wXwsff mxm of tW.« «lil|^o 

will b. 

^ ^ (^- V) ^ 1J ' 

«bleh iMglMtiiic «»• »«>ood powr 

«41»1 to ao. •!■« ab . -v. , X ^ t**®’ •” 

*»r<« 7 ). C> s ?? 

to aBOtlior «»i«ilo »tr«l», «*» ••r tako b^-b. 

Boto thot la oil tko proriono oaoUal* »• *" ’*"* 

Mnaodthot S-^, 9 , .IWttM «ly b. portUTO. Btat !».»»« 

1, tl,. .«otl-altT th. aatorlol. »• «*» 

tppo rf rt».r .t».i« “X !>• d«i«a f«- th. «f prlalpal 

.trU. b, .ottla. S . « «p b. Ob-*.* tbot 

la tto orMwtroplo ««• ■“* ** ** * 

im alkookx rtmtAai, »• »•» »<^x» Pt*^l*“* ^ 

«p«»tr.«d« olooUeltp rolatod to oUlpUe hoJo. Boat <ao 
ipbt «» ptobl.. of ». olUptlc la»l»a« la 

otibopi. --i- — 

a *. ■_ It j. -nm fti X¥ and <si^ any oata*® r®s»*«»t 
4 mM aim X& @liaft®y» XII to xw hb® 



hf telXmdag m proe«diitre aimllMr te folXoifvd la 

eit«i atlM99» 

It it gmtifTiiig t® a®t« tUmt fey thm mm ®f tatrgy 
|MFtJHiifl®t» worm r«ilt*tl© profeleass mm fee telirei ia a 
relatively sia^ler ifiamei* ttiaii tlie pirfafe-foree 
Ifewevefi It mj feear awattioiit tliat ia prlseiple there It a® 
fmtdaiMtal differeaee feetireea the ti^ It ealy tt»t«i t^t 
the effect ®f the foiat-f<»ee May fee to ferluf the loclasicii 
md witrlx t® m pmtUm ehich Is ia the stlaim eaeriy 
eeiif ijpir&ti m» 



mm til 



162 


CHAPTsa mil 

!Hai«rioal Mathod of Solirtng Laplac«»« Bmation 

The invettigatiom of thia and the next ohapter were 
takeny as it was thought to solve sons psohleiis relating to 
inclusions sahJIect'ed to twisting actions* Ihis wouM involve 
the laplaee's equation in tvo-diBensions* imfortuiiateljr Mdem 
conputing aids were not availahloy and htnce the prelininary 
work had to be carried o«t on a small desk ealcttlating machine. 

The solution of laplaee’s eqoaticai in two-dimensions may 
be found toy analytical methods when the toonndarles are anffi- 
elently simple and so also are the tooundary ccoditlons. It may 
also he found toy electrloal analogy method#. .Another wi the- 
me tical technique la the relaaGsition method developed toy 
.Southwell [is] y Allen [it] and others. This method' is tossed 
upon finite differences. The procedure howevery toeC'Omes 
oombursome if the boundary is curved or if there are very large 
number of nodal points. However y a method basad on Qraen's 
formula C®ol nay be formulated, this would involve ■ 'the solutlim 
of integral equation. It appaars* it wimiM have the advantage 
of he '*”g prograwMfd on a digital computer. 

The solution of Inplace’s equation i^en applied to a 
particular problem dopeods on the toowdary conditions. «• 
boundary «ondltl«*ns nay toe specified toy the value of 
1 the funetion o®' the Iwowlaryt w 

i the normal derivative of tbe funetion on the toowidary, or 
3 the fonetion on e pert '.of the boundary its „iiirmal . . ■ 
derivative on ^ renaini»i povt. 



im 


tbmB0 Mr* 7»*p*«ttv*.3.3r a* Miralilat**, «ai 

Cauchy** ytuhlMai la th« lit«rataf*. Jill ^«»* ewaiitioa* 

«aa b* iWfflMurlsed by stating Ihat^a bf & C 

4m tb* bcoadary, w is the oati«iir4 drawi nopsal t© 

bomidary. The followiag is a emmm ^eory of solving all tim 
above yrobleas* 

The basic integral is 4(Mriv*i frcw llresa** 

forsnla \01 * vbieh states tl^t if <P satisfi** the laplaee** 
etuatica 


B V ^ 


( 331 ) 


ia thw doMiia C> boimied by P t sad 1mm tb* vela# f 
on ly^e bsm^lary* then expresslm 

p -'p 

has ^ value 

a fole aayiibare ia ^ t 
j (jp)f<a^ a yol* 3«it iasi4e P t 
A ^ (p) tm a pole oa P » 

O for a pole' Iwt *a4 everyiiioara P * 

:te ei^ressioB CW> ^ the earreat poiat isi T , a 4 

«b* are length, P ieiwt^ the fi3»4 pitot Cpele> vl^kin m, 

ifimoat P f a P®^ ^ belag by P . ^ 

amriesl 4i*tiaie* betiwea ^ aa4 P • It is obfioii* that 

tog -p[ siiqptly wasis msrwil iMPivatiiNs of Xog\^-pj 


at i 



pjTolbXcflii. fimst m mhmlmtm /'(/$) 

trm tli«' liii«&f‘ imt«gral '«i|aati@ii 

thm fouctloa *ay ^ ieter»tii«<i t&rfiiBifew«it D • 

%1* Is tfei® Fr«<5tiol* of tli® first kinds iltli Keira®! 

-2og|^-P\* *nf fe® proved tfeyat -^'(_-<^) ealoulmted trtm (333) 

satisfies tlie reXstliai 




d/S =-0 ^ 


C3M) 


Sinilsrly to ^et^Tw^nm tise h^irmimic fwatleie liavinf givan 

^ d. 

valaas f '(/5) «« r , w® «alimlat« f (>^) » «P«rt 

trm 21a«i^ ^natlca 


X J^(;^)iog'l-«-PldA-^jl'C.«)-lo3p-Pld/4+4f (.P) . 


cm) 


1bi» is a fradliol* atmtiee ®f Mia s^oBd klai witfe kenaal 
io0' adatta a o^ati« «ijr if Mk* aS'Si^ad aalaao 

«if i'(/5) aatisfiw thm ralatic® Cm) M • 

flia appHaatian of t^a ftswlatlw of t&a iatagral 

involiTas tiMi date#i^®®.ti®®- ^ tha kaiHala Xog |/4 | and 

io3 j/«-P( f aWlali a«a t»a avalaated ^qpla4®a« < ^lon^ 

'•sV-'’l-S;-*“5 |'‘-'’l- 

(ac-'se.) C esg + Ca-a,) SlnP 

ca-u,)" 


> 


iife«r#(jx.,yj «jr# til# @f A *»i P wil 1 mw#« 

mi' ^ is til# sBgl# of laolisatim of ootwii'd aorwil 
at ^ to 3C*axls. 

til# 'Valaes of iog'|y^'P| eaa hm diookei hf tli# applieatioa 
of otaatioii for an analytical fimctlm, 

yi«Ms 

ha, 

= for P inside P » 

* n for P on r* , 

- o fcgp P ontsid# r* , (337) 

>to 9 ]y 4 "P| fee got fr«ai any saitfesBatleal l^fel^i for all 
ralnes of (/^-Pj snffloi«itly greeter tl«ai wm&* Bat as 
it nay fee deternined fey tiOEiiig tiie aremge ^ 
iogj/i“Pj tteo»i|^ an intoreal of clA|2fln ^tltor side ^ along 

P « ffeis is dm# as follons* 

If ^e are adjoini^ p is approainated to a stoiii^t line 


of lengtH <x t tfeen 

iog |/i-P| “-Q j ^«>9/Sc(/S , 

O 

— -^og tx—'\ 

to get a feetter appr^satioii, tfee mm ai|eiaiNI p lo 
approxlnated to the ere of a eirele of radios a , safet«iding 
an snglaaoc at its e®atre# In this easod^^aacjc oe hare, as 

\.i-Pl-*o^ ^03|/S-Pl=-^|A‘>9C‘^Sm|.^ad6 , 


. i- 

' CK. 


{ocioga^[i=9 S.Vvf de}»l [oc4o3a+«io3S,«^ 


oqx 

2 . f O Cot 6 d 6 1 . (339) 



«-/j. 

Je . co+ e de by iwrittai e Co4 © acos ^sin© uni 

«3C]wiMlliig bo^ Baa^rfttsir mA tit* fl«iioiils*t«r is tmm «P a • 


Wmt smU iraljm e n* 

-(f . 

-'. JioQ I ^-' P [ IS. 4o g Cl + log S\n 9S _i 2^ oC‘^ 

, , 2, 36 3&0& ^ 

cxs \/6 - P I -»• O ^ 

ldl«& cx^l. asU-pl-^-O, iogU-Pl=le>9S'in^-,^££^+^=3C»^) 
fll« Of I oc =1“ ^roiO*^ and 7r/ia^7^ 1 1© ^ 7 r/ 24 j 

«r« tftbolotod boloif* 7\/30, 7^/36 ^ TV/g 



y«fc mmi% iMto* ^bi aypro^siatioB of tlio lum bo ^mi 'OSi of 
a. ofyoXo siiciiiXi owffieo* lowovor# fo® »«■*• ^»o» «*f* 

ollAyoot ■* omoot to 

fwiivoi a^foo of •eemor bo otaSootod. 


CMAmm XII? 

oC Regtangttlny BfiSK 


im 


¥• ttoir apply tli« metbc^ asqplaiaadi ist thm pwmvimm «iiapt«r 
for *0101118 olastie torsi^o probl^ii &t & tmifor® isotropic 1 b*r 
ef rcctangalar criwis section* TM* sccticsi Ims teeon parUcclarly 
cliiMi«B» as tficre i*' a st^dsii cliaiige la fiui dircetioo of acraal 
and la, tlicrcfora, likely t© fir# acre iaaccarata resolt ky tkl» 
■ctlMid* Hie analytical sclntion ©f Utis prckl^ is kniacn* 

Fortker Hila koendary is partiealarly sii^lc for tkc rclaxaticn 
ease* W« skall skew tkat, ekeeked iiitk tisalytieal sdntion, tk* 
remits ky tke netkod firm cc»^^akl* results silk tkoie ©ktainei 
ky tke use ©f relaxation teckniques* 

Ve clMsme tke iliawasions tke section ke a. g 4 parallel 
t© oaxis and b=i. 3 a parallel t© 9 -aids* tksse oalnes vers 
taken slnply t© facilitate tke snkiioisicn ©f Ike kesniary* 

▼sine «f ^e tersion fnnetton on tke kcendary is giiren ky 

W* 

For ofctolnlng tho oelatloB Iqr tbo roluotloa [IS > UQ 

tke area nf integration sere Sioidod into a nnifoi^ reetangnlar 
net vofk and tke oalnes ©f tke fimeticns at tke imdM of tkis wtt 
vork cere detaminod* 





M iMKS^arjr is stralglbit sM rcetsapdUBir tbs stssisipd 
r«3ji3mti<3B. tsl»ii»rslio>uB stnurs wmrm mssti* Bio^ n^lacxMm wm 
&is# i^tstisver it ms tmsthlmm A relsxaticii tabls as 

simsi Bslmr w&m ehosatt. fBs -ralmss at tlia aaSm mra assaiMid 
aftm datendaiiig Hi# iralafis of tli# :^smatioiis at tha lomiarf'* 
fita r«si4iials voxa ealeulateS Bjr 

I; = 4^, -v . 


•is 13# ISO aoo as# sa# 41# sao #40 
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Cla tlia alwa tafela tlia Immst figarm at a aoAal potiit indloata 
tlia aaaijftloal talawif tSte aldAla onoi eMaiiiai W ralamtlfiii 
■atlioAt aai tlia ▼*!««•* ^ wnVm ^ Hiis 

pafar* ) 




im 


l^m tiMi vmtm bjr tii* tomai 

«i eltoeM [l 8 , I®]. 

tlie«« vmlmm wmwm ehmk^ ansiytieally W appHeaU« 
®f Hi* Imow solution [s] 

_b^ Qb ^ coshK^^ _ Coslc,y ^ 

CW 4 . ^ cosV,(J^) 


VilSfA 




Can-vi) K 


fliosa valass ara tndleatsi ia tiia alwva ttsalft 

i^iok . tfest tha vala«» ofetaiatd ly taelail^^ 

aoiifara laill vilJI^ tliase of snalytiesl .¥«lB«i« 

fkm tills nB®®rieal mthM apj»li«<l i^*^®** ‘valae 

of tlia aorasl 4«sivatla« oln» j di y waa t«lt« fs^* 
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d'sc 
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TT 
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(-«y 


SxYv h K., 


C£> s K y , 




(zrxM)'^ Cosh 


ab ^ C-O"^ Smh sm y ^ 


ay 


—I 


(zriM) Cos b ^ 




. -.t. ^ '•ala®® cItI^I oly. 

ayi^ ar® laSlcatsd in the next HsIj^ tl^® » 

th# Taltt®sof th« fanetli* at otlt®^ polat® if®y« 

•Ttt tii<!iimt«« la til® taiMs* 1 efm« 

, 4.i.«a i« A® xaliafel® •* 

iaiieat® t!»t tit® iapi^«« a®wS.eal. mmm a® » 

til® r®l®»tifltt t«®iflal«ia® wltfc a^®^ aifamtag^* 



C=^.y) 

dY Idv 

O^-y) 

diK|dv 

■rr 

cat, 2) 

3® '@S0 

(!^,16) 

- 7.f46 

cat,€) 

0.6S0 

(18,16) 

• f.cn 

(32,10) 

16.000 

(14,16) 

.11.330 

(32,1#) 

26.340 

(10,16) 

.12*6^ 

(30,16) 

10.140 

C 6,16) 

.13.360 

(26,16) 

•O. i®o 

( 2,16) 

-13.746 


til® iiit«gr®I e(|ii®ti€ii involvlnf valUi®® fascttaa 

and It* Boraal derliimtiT® m tli® IsoNmS&rjry d®dii»#i W 
aF»«ii*» foMRilat ms to l»«if tli® amml »» 

t&® fmnetion iiliie&®ver 1* not giirsm* t&m tbm f^«wla 
mill flir® ms tli® ▼*!»• «f tli® saajwdMMNi mltli ia t3m 

boundary. (It ittij b® r«»rit®i lisr® tbait i»l» 3 Bsti®ii ■•tbod mill 
glm® ms til® mmlii® aaly at ©artai® fotets i^ali ar® l*» »®i®s ®f 
til® ii«t morlc)* tb® is appliaabi® mm tb® bmmdary 

omditiiAs wr® *|»®«lfi«i by m® malm®® tb® «» * 9^' 

®f tb® bcsmiary and ©t it* wemml dasrlvatim® m tb® ramaial^ 
l®rt* f«rtb«» if tl»® bommdary mala®* <M«»i*t «f t 

tbas® amabl^ m* t© lai®w <f>^ cl cj> |dv. 

For a fimm r tabl® em b® pr«par®d for ^® ▼*rio«» 
valmas of fog|^-Pl and a tbsB ^ ma^« ^ 

and d^/dv ©a» b® *«]^titmt®a to ®bt*i« tb® ral®a «^a*^ W 
otiior FoiBt, i.«.# for « fiv® bo^ary, «i« ^ 

eoMB«iio«i afrosb for Utfmmt tal^s «f a»^ d4>^ctv. 





3 K& _ E, (l-v v; s 

3K, + 4M E^(^i-vy)+aE 

Xt ean peflii titat tl^s rasalt is MsntiaaX vitb tlut 
W MmimrwQ as im i^ptar It 'vlhm tHe sMtariais af 
inelmsioKi aM satrlx af# tii« ssj^* 
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ii 

Us* ®f Coffiplex in Clrcmlar Imlmlm 

ll» BOtatlcns m »»3 ar« tfe® »a»e as thcwa to 1 * 

to« €laplae@««ttt eo«p<»@!tts, striAast str«»»@» atrato mvggf 
jto tha toelBslsii aira 

u^= (€-6)X'. , U,= (e-S)y . 

(€-S) > (fy* C^'^) 

p.- ?.= 2 (A;vtx,)(£-S), P.- 0 > 

w ^axcx(x.v ju,) (e-S J". 


to ariar to ^otaii^a® tii# elaatie fiaMl to too laftolta 
r^lan wlto a circular tola radlua o. t aboa ito boraaiarr 

uadorgoes a ii»pla«ow®t whoso coi^poowits ara U - € , 

u — £ y wa aaf too iNigim ©®talia too atoala to x-Ptoiw t® a 
rafidi witoto toa mlt atoala |^l=l to too ? -plto® by too 

. liatn, ». of tl» I»«««y ««al- 

Ua» ■»« oWtloB <«). «>• f>o*o««“ F •»« « »• «ot««^ 

^by tba afisitoaii 

k fCo-) + ^ F'CO^’’- 6 6^) = £ . 

MaTfaW tt- *iwtl«« *7 «“ oyploloo* ^ <*«»*" ”• 

wa cat 

F CS) = o , 6 (^)= -a a AX e ^ . 
flia atoassasf toaraTcrot ar® gtoaa by 

p-\r IP—O ^ 

vv 



31T4 


p- p-V2ji.b = 

•Vy *wx nit-y 

ijr ••ttiaf $ s o- s t »« obtaia tb« bcmdary ^ 

til* *lvin*«i to b« 

|o= 2 cos&e ^ g=2p£S{«ae. 

Making tta* of Clapo^ini** tlMMnNHit «* g«t tli* strain 
mergy in tti* antriz. It is giir*® by 

W =• 2 A a^’u £^ 

>1 • 

Til* total strain mi9Tgf ^ tbs syst^ is 
W = W -V W^- 2. K cx^{ ( A + .) )% . 

Mininisinf tbist «* gat 

^ (A,+ p.|)S 

ifbi«li is iiaatieal lAtb (G s) in ©liaptsr V • 
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Afmmix III 
Bcm& Integrals 
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^ Co sze de 
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6 j -(a^-h’',b’) Cbsaej hab (^a+h^b)'** 



im 


appmbii I? 

ftepti®«l»r Eef©rr«sS to Cimptof* II » HI 

til® rosalt® oMal»e<S la elapt*r* H aai HI mf "Ni 
to Sodaeo some iatcrostiag rosalts, M« first eocsi^sr tli« 
spli«rloal oasfi* 

It is amm fyc* ogaatioa (i52.) y tliat tli« of c 

4«P«b4o apm tb« ratio h\cx also. Sottiag tbis to h ^ im got 

E{nVv-v-v)-yra(i-av)}&-3 Y?(:\-v)0-ai^) 

^ ^ ^ ^ ^ i — — r 

If Y\ toads to infialty, 

i:^ 0-vv) 8-3 T^0-v)0-a^j) ^ 
aEC'-av,) 

Fattiai - o # »• rmmmaw tb# r wit 

E,0-^V)g 

^ E^(;i+v;+at (i-av.) 


€ = 


giVSBl ill SppttSii* I* 

If tb« SO sot YX-l-\rOC - i^lootiag tbs 

soootid sai liifbor ^or fwtltiost so 

• f\ -lO pr\-2V.)^-vaoc If 

tbs ^ la tho fbitsis at o«i^lHiti«i Isoiitof la 

•1.0 of iatoroat a. it iadioatos shotlier tbs aafrial oafesldo 
oaa mtlistaad apoatows <^aiigo a€ mm imlmlm. M ms 

oaso tbs pioidi.** ^ 

gosoraod at tl^ 


Im tM oaso of 



fiiran 


(b^-V E.& -V 3 {e V + E Qi-Z )j 

^ E, ('?0+V)+aa’0-2v)}+ 2E- 

If th# sli«ll is a IMii cme, 

E e’;S0-2v)+ I’{E,V+ e (i-avjj [e, 0-v) 

+ 2 « {e(I-2v)-E0-21;)|] 

b » 

»» ^ E^O-v)" 

ila Mgaris tifc® eyXiniriaal laeliuii@&» ifesa b /a. = n 

(V M.,) (n4\-av^& + 

^ (A + M.) (n'-^ \ -a V ) + M (r [^- 1 ) ^ 

. __ {p, r?y -^MCn^QSjCA.-vM.j-v M ^ 

" (X^+ iu,) (n’-'V i - a v) 4 (n'-i ) 




If tli« «yliadi^®al idtall is s tbia OMf sa^h tlsii n =. \ + oc 
CstoiSots yonHMPS ®f Wlgbur sas s^ps aaglssisfijf 

2(x,-v |^)£o-v)*^l(K+^^0-v)*<=^{(.>^^■)^0-'^■v)+ m}] 


Ir. 


4 - a M CAj+ S' 

2(\+ 


1.78 


A results is tlie «iss m solid 

oyliador (for •acsapl®* a ulieel) rstuforesd si tit a thin ri*» 

Xf tho Matrix is iMflMit®, tmwm t&t tbs equillbriim 
bom^ary 

(_ A,-v M,) 6 -V C ' " 


€ = 


C^,+ m, + m) 


sad the hmp strsss at i^is iatsrfae# is 


Cp«I. = 


(^X^-v />-,V 
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